
Appendix 6

Algebraic properties of Hopf G -coalgebras

by Alexis Virelizier

Let G be a group. The notion of a (ribbon) Hopf G-coalgebra was first introduced by

Turaev [Tu4], as the prototype algebraic structure whose category of representations

is a (ribbon) G-category (see Section VIII.1). Recall from Chapter VII that ribbon

G-categories give rise to invariants of 3-dimensional G-manifolds and to 3-dimensio-

nal HQFTs with target K.G; 1/. Moreover, Hopf G-coalgebras may be used directly

(without involving their representations) to construct further topological invariants of

3-dimensional G-manifolds, see Appendix 7.

Here we review the algebraic properties of Hopf G-coalgebras and provide exam-

ples. Most of the results are given without proof, see [Vir1]–[Vir4] for details.

In Section 1, we study the algebraic properties of Hopf G-coalgebras, in particular

the existence of integrals, the order of the antipode (a generalization of the Radford

S4-formula), and the (co)semisimplicity (a generalization of the Maschke theorem).

In Section 2, we focus on quasitriangular and ribbon Hopf G-coalgebras. In partic-

ular we construct G-traces for ribbon Hopf G-coalgebras, which are used to construct

invariants of 3-dimensional G-manifolds in Appendix 7.

In Section 3, we give a method for constructing a quasitriangular Hopf G-coalgebra

starting from a Hopf algebra endowed with an action of G by Hopf automorphisms.

This leads to non-trivial examples of quasitriangular Hopf G-coalgebras for all finite

G and for some infinite G such as GLn.K/. In particular, we define graded quantum

groups.

Throughout this appendix, G is a group (with neutral element 1) and K is a field.

All algebras are supposed to be over K, associative, and unital. The tensor product

˝ D ˝K of K-vector spaces is always taken over K. If U and V are K-vector spaces,

then �U;V W U ˝V ! V ˝U denotes the flip defined by �U;V .u˝ v/ D v˝u for all

u 2 U and v 2 V .

6.1 Hopf G -coalgebras

1.1 Hopf G -coalgebras. We recall, for completeness, the definition of a Hopf G-

coalgebra from SectionVIII.1, but with a minor change: we do not suppose the antipode

to be bijective.

A Hopf G-coalgebra (over K) is a family H D fH˛g˛2G of K-algebras endowed

with a family � D f�˛;ˇ W H˛ˇ ! H˛ ˝ Hˇ g˛;ˇ2G of algebra homomorphisms
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(the comultiplication), an algebra homomorphism " W H1 ! K (the counit), and a

family S D fS˛ W H˛ ! H˛ 1g˛2G of K-linear maps (the antipode) such that, for all

˛; ˇ;  2 G,

.�˛;ˇ ˝ idH
/�˛ˇ; D .idH˛

˝�ˇ; /�˛;ˇ ;

.idH˛
˝ "/�˛;1 D idH˛

D ."˝ idH˛
/�1;˛;

m˛.S˛ 1 ˝ idH˛
/�˛ 1;˛ D " 1˛ D m˛.idH˛

˝ S˛ 1/�˛;˛ 1 ;

where m˛ W H˛ ˝H˛ ! H˛ and 1˛ 2 H˛ denote multiplication in H˛ and the unit

element of H˛ .

When G D 1, one recovers the usual notion of a Hopf algebra. In particular, H1 is

a Hopf algebra.

Remark that the notion of a Hopf G-coalgebra is not self-dual (the dual notion

obtained by reversing the arrows in the definition may be called a Hopf G-algebra).

If H D fH˛g˛2G is a Hopf G-coalgebra, then the set f˛ 2 G j H˛ ¤ 0g is

a subgroup of G. Also, if G0 is a subgroup of G, then H D fH˛g˛2G0 is a Hopf

G0-coalgebra.

The antipode S of a Hopf G-coalgebra H D fH˛g˛2G is anti-multiplicative (in

the sense that each S˛ W H˛ ! H˛ 1 is an anti-homomorphism of algebras) and anti-

comultiplicative in the sense that �ˇ 1;˛ 1S˛ˇ D �H
˛ 1 ;H

ˇ 1
.S˛ ˝ Sˇ /�˛;ˇ for all

˛; ˇ 2 G and "S1 D "; see [Vir2], Lemma 1.1.

A Hopf G-coalgebra H D fH˛g˛2G is said to be of Þnite type if, for all ˛ 2 G,

H˛ is finite-dimensional (over K). Note that the direct sum
L

˛2G H˛ is finite-di-

mensional if and only if H is of finite type and H˛ D 0 for all but a finite number of

˛ 2 G.

The antipode S D fS˛g˛2G of H D fH˛g˛2G is said to be bijective if each S˛

is bijective. Unlike in Section VIII.1, we do not suppose that the antipode of a Hopf

G-coalgebra is bijective. As for Hopf algebras, the antipode of a Hopf G-coalgebra H

is necessarily bijective if H is of finite type (see Section 1.5) or H is quasitriangular

(see Section 2.4).

1.2 The case of Þnite G . Suppose that G is a finite group. Recall that the Hopf

algebra KG of functions on G has a basis .e˛ W G ! K/˛2G defined by e˛.ˇ/ D ı˛;ˇ

where ı˛;˛ D 1 and ı˛;ˇ D 0 if ˛ ¤ ˇ. The structure maps of KG are given by

e˛eˇ D ı˛;ˇ e˛; 1KG D
P

˛2G

e˛; �.e˛/ D
P

ˇD˛

eˇ ˝ e ; ".e˛/ D ı˛;1;

and S.e˛/ D e˛ 1 . A central prolongation of KG is a Hopf algebra A endowed with a

morphism of Hopf algebras KG ! A, called the central map, which carries KG into

the center of A.
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Since G is finite, any Hopf G-coalgebra H D fH˛g˛2G gives rise to a Hopf algebra
zH D

L

˛2G H˛ with structure maps given by

z�jH˛
D

P

ˇD˛

�ˇ; ; Q"jH˛
D ı˛;1 "; zmjH˛˝Hˇ

D ı˛;ˇ m˛; Q1 D
P

˛2G

1˛;

and zS D
P

˛2G S˛ . The K-linear map KG ! zH defined by e˛ 7! 1˛ gives rise to

a morphism of Hopf algebras which carries KG into the center of zH . Hence zH is a

central prolongation of KG .

The correspondence assigning to every Hopf G-coalgebra H D fH˛g˛2G the

central prolongation KG ! zH is bijective. Given a Hopf algebra .A; m; 1; �; "; S/

which is a central prolongation of KG , set H˛ D A1˛ , where 1˛ 2 A is the image

of e˛ 2 KG under the central map KG ! A. Then the family fH˛g˛2G is a Hopf

G-coalgebra with structure maps given by

m˛ D 1˛ �mjH˛˝H˛
; �˛;ˇ D .1˛˝1ˇ / ��jH˛ˇ

; " D "jH1
; S˛ D 1˛ 1 �S jH˛

:

1.3 Integrals. Recall that a left (resp. right) integral for a Hopf algebra .A; �; "; S/

is an element ƒ 2 A such that xƒ D ".x/ƒ (resp. ƒx D ".x/ƒ) for all x 2 A. A

left (resp. right) integral for the dual Hopf algebra A� is a K-linear form � 2 A� D
HomK.A; K/ such that .idA ˝ �/�.x/ D �.x/1A (resp. .� ˝ idA/�.x/ D �.x/1A)

for all x 2 A.

A left (resp. right) G-integral for a Hopf G-coalgebra H D fH˛g˛2G is a family

of K-linear forms � D .�˛/˛2G 2 …˛2GH�
˛ such that

.idH˛
˝ �ˇ /�˛;ˇ .x/ D �˛ˇ .x/1˛ .resp. .�˛ ˝ idHˇ

/�˛;ˇ .x/ D �˛ˇ .x/1ˇ /

for all ˛; ˇ 2 G and x 2 H˛ˇ . Note that �1 is a usual left (resp. right) integral for the

Hopf algebra H�
1 .

A G-integral � D .�˛/˛2G is said to be non-zero if �ˇ ¤ 0 for some ˇ 2 G. Given

a non-zero G-integral � D .�˛/˛2G , we have �˛ ¤ 0 for all ˛ 2 G such that H˛ ¤ 0.

In particular �1 ¤ 0.

It is known that the K-vector space of left (resp. right) integrals for a finite-di-

mensional Hopf algebra is one-dimensional. This extends to Hopf G-coalgebras as

follows.

Theorem A ([Vir2], Theorem 3.6). Let H be a Hopf G-coalgebra of Þnite type. Then

the vector space of left (resp. right) G-integrals for H is one-dimensional.

The proof of this theorem is based on the fact that a Hopf G-comodule has a

canonical decomposition generalizing the fundamental decomposition theorem in the

theory of Hopf modules.
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1.4 Grouplike elements. A family g D .g˛/˛2G 2 …˛2GH˛ such that �˛;ˇ .g˛ˇ / D
g˛ ˝ gˇ for all ˛; ˇ 2 G and ".g1/ D 1K is called a G-grouplike element of a Hopf

G-coalgebra H D fH˛g˛2G . Note that g1 is then a grouplike element of the Hopf

algebra H1 in the usual sense of the word.

One easily checks that the set Gr.H/ of G-grouplike elements of H is a group

with respect to coordinate-wise multiplication in the product monoid …˛2GH˛ . If

g D .g˛/˛2G 2 Gr.H/, then g 1 D .S˛ 1.g˛ 1//˛2G . The group Hom.G; K�/

of homomorphisms G ! K� acts on Gr.H/ by �g D .�.˛/g˛/˛2G for arbitrary

� 2 Hom.G; K�/ and g D .g˛/˛2G 2 Gr.H/.

1.5 The distinguished G -grouplike element. Throughout this subsection, H D
fH˛g˛2G is a Hopf G-coalgebra of finite type with antipode S D fS˛g˛2G . Using

Theorem A, one verifies that there is a unique G-grouplike element g D .g˛/˛2G of

H , called the distinguished G-grouplike element of H , such that .idH˛
˝ �ˇ /�˛;ˇ D

�˛ˇ g˛ for any right G-integral � D .�˛/˛2G and all ˛; ˇ 2 G. Note that g1 is the

distinguished grouplike element of H1.

Since H1 is a finite-dimensional Hopf algebra, there exists a unique algebra mor-

phism � W H1 ! K such that if ƒ is a left integral for H1, then ƒx D �.x/ƒ for all

x 2 H1. This morphism is a grouplike element of the Hopf algebra H�
1 , called the

distinguished grouplike element of H�
1 . It is invertible in H�

1 and its inverse � 1 is also

an algebra morphism. Moreover, if ƒ is a right integral for H1, then xƒ D � 1.x/ƒ

for all x 2 H1.

For all ˛ 2 G, we define a left and a right H�
1 -action on H˛ by setting, for all

f 2 H�
1 and a 2 H˛ ,

f * a D .idH˛
˝ f /�˛;1.a/ and a ( f D .f ˝ idH˛

/�1;˛.a/:

The next assertion generalizes Theorem 3 of [Rad4]. This is a key result in the theory

of Hopf G-coalgebras. It is used in particular to prove the existence of traces (see

Section 2.8).

Theorem B ([Vir2], Theorem 4.2). Let � D .�˛/˛2G be a right G-integral for H .

Then, for all ˛ 2 G and x; y 2 H˛ ,

(a) �˛.xy/ D �˛.S˛ 1S˛.y ( �/ x/;

(b) �˛.xy/ D �˛.y S˛ 1S˛.� 1 * g 1
˛ xg˛//;

(c) �˛ 1.S˛.x// D �˛.g˛x/.

As a corollary we obtain a generalization of the celebrated Radford S4-formula to

Hopf G-coalgebras:

Corollary C ([Vir2], Lemma 4.6). Let H D fH˛g˛2G be a Hopf G-coalgebra of Þnite

type. Then for all ˛ 2 G and x 2 H˛ ,

.S˛ 1S˛/2.x/ D g˛.� * x ( � 1/g 1
˛ :
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This formula implies in particular that the antipode S of H is bijective (i.e., each

S˛ is bijective).

1.6 The order of the antipode. It is known that the order of the antipode of a finite-

dimensional Hopf algebra is finite ([Rad1], Theorem 1) and divides four times the

dimension of the algebra ([NZ], Proposition 3.1). We apply this result to study a

Hopf G-coalgebra of finite type H D fH˛g˛2G with antipode S D fS˛g˛2G . Let

˛ be an element of G of finite order d . Denote by h˛i the subgroup of G generated

by ˛. By considering the finite-dimensional Hopf algebra
L

ˇ2h˛i Hˇ (determined

by the Hopf h˛i-coalgebra fHˇ gˇ2h˛i, see Section 1.2), we obtain that the order of

S˛ 1S˛ 2 AutAlg.H˛/ is finite and divides 2
P

ˇ2h˛i dim Hˇ . From Corollary C, we

obtain another upper bound on the order of S˛ 1S˛: if ˛ 2 G has a finite order d , then

the order of S˛ 1S˛ divides 2d dim H1; see [Vir2], Corollary 4.5.

1.7 Semisimplicity. A Hopf G-coalgebra H D fH˛g˛2G is said to be semisimple

if each algebra H˛ is semisimple. For H to be semisimple it is necessary that H1

be finite-dimensional (since an infinite-dimensional Hopf algebra over a field is not

semisimple, see [Sw], Corollary 2.7). When H is of finite type, H is semisimple if

and only if H1 is semisimple, see [Vir2], Lemma 5.1.

1.8 Cosemisimplicity. The notion of a comodule over a coalgebra may be extended

to the setting of Hopf G-coalgebras. A right G-comodule over a Hopf G-coalgebra

H D fH˛g˛2G is a family M D fM˛g˛2G of K-vector spaces endowed with a family

of K-linear maps

� D f�˛;ˇ W M˛ˇ ! M˛ ˝Hˇ g˛;ˇ2G

such that

.�˛;ˇ ˝ idH
/�˛ˇ; D .idM˛

˝�ˇ; /�˛;ˇ and .idM˛
˝ "/�˛;1 D idM˛

for all ˛; ˇ;  2 G. A G-subcomodule of M is a family N D fN˛g˛2G , where N˛ is a

K-subspace of M˛ , such that �˛;ˇ .N˛ˇ / � N˛ ˝Hˇ for all ˛; ˇ 2 G. The sums and

direct sums for families of G-subcomodules of a right G-comodule are defined in the

obvious way.

A right G-comodule M D fM˛g˛2G is said to be simple if it is non-zero (i.e.,

M˛ ¤ 0 for some ˛ 2 G) and if it has no G-subcomodules other than itself and the

trivial one 0 D f0g˛2G . A right G-comodule which is a direct sum of a family of

simple G-subcomodules is said to be cosemisimple. Note that all G-subcomodules

and all quotients of a cosemisimple right G-comodule are cosemisimple.

A Hopf G-coalgebra is cosemisimple if it is cosemisimple as a right G-comodule

over itself (with comultiplication as comodule map). By [Vir2], a Hopf G-coalgebra
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H D fH˛g˛2G is cosemisimple if and only if every reduced1 right G-comodule over

H is cosemisimple.

We state a Hopf G-coalgebra version of the dual Maschke theorem.

Theorem D ([Vir2], Theorem 5.4). A Hopf G-coalgebra H D fH˛g˛2G is cosemisim-

ple if and only if there exists a right G-integral � D .�˛/˛2G for H such that

�˛.1˛/ D 1K for some ˛ 2 G (and then �˛.1˛/ D 1K for all ˛ 2 G with H˛ ¤ 0).

As corollaries, we obtain that a Hopf G-coalgebra H D fH˛g˛2G of finite type

is cosemisimple if and only if the Hopf algebra H1 is cosemisimple, and that the

distinguished G-grouplike element of a cosemisimple Hopf G-coalgebra of finite type

is trivial.

1.9 Involutory Hopf G -coalgebras. A Hopf G-coalgebra H D fH˛g˛2� is involu-

tory if its antipode S D fS˛g˛2� satisfies the identity S˛ 1S˛ D idH˛
for all ˛ 2 � .

Involutory Hopf G-coalgebras of finite type have special properties. For example,

each of their G-integrals � D .�˛/˛2G is two sided, S -invariant (�˛ 1S˛ D �˛ for all

˛ 2 G), and symmetric (�˛.xy/ D �˛.yx/ for all ˛ 2 G and x; y 2 H˛). Also if the

ground field K of H is of characteristic 0, then dim H˛ D dim H1 whenever H˛ ¤ 0.

Finally, if H D fH˛g˛2G is an involutory Hopf G-coalgebra of finite type over a

field whose characteristic does not divide dim H1, then H is semisimple and cosemisim-

ple; see [Vir4], Lemma 3.

6.2 Quasitriangular Hopf G -coalgebras

2.1 CrossedHopfG -coalgebras. A Hopf G-coalgebra H D fH˛g˛2G is crossed if it

is endowed with a crossing, that is, a family of algebra isomorphisms ' D f'ˇ W H˛ !
Hˇ ˛ˇ 1g˛;ˇ2G such that

.'ˇ ˝ 'ˇ /�˛; D �ˇ ˛ˇ 1;ˇˇ 1'ˇ ; "'ˇ D "; and '˛ˇ D '˛'ˇ

for all ˛; ˇ;  2 G. One easily verifies that a crossing preserves the antipode, that

is, 'ˇ S˛ D Sˇ ˛ˇ 1'ˇ for all ˛; ˇ 2 G. Therefore this definition of a crossed Hopf

G-coalgebra is equivalent to the one in Chapter VIII.

A crossing ' in H yields a group homomorphism ' W G ! AutHopf.H1/ and

determines thus an action of G on H1 by Hopf algebra automorphisms. Here for a

Hopf algebra A, we denote AutHopf.A/ the group of Hopf automorphisms of A.

If G is an abelian group, then any Hopf G-coalgebra admits a trivial crossing

'ˇ D id for all ˇ 2 G.

When G is a finite group, the notion of a crossing can be described in terms of

central prolongations of KG (see Section 1.2): a crossing of a central prolongation A

1A right G-comodule M D fM˛g˛2G over H is reduced if M˛ D 0 whenever H˛ D 0.
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of KG is a group homomorphism ' W G ! AutHopf.A/ such that 'ˇ .1˛/ D 1ˇ˛ˇ 1

for all ˛; ˇ 2 G, where 1˛ is the image of e˛ 2 KG under the central map KG ! A.

2.2 Thedistinguished character. Let H D fH˛g˛2G be a crossed Hopf G-coalgebra

of finite type with crossing '. Using the uniqueness of G-integrals (see Theorem A),

one can show the existence of a unique group homomorphism y' W G ! K�, called

the distinguished character of H , such that �ˇ˛ˇ 1'ˇ D y'.ˇ/ �˛ for any left or right

G-integral � D .�˛/˛2G for H and all ˛; ˇ 2 G.

Lemma E ([Vir2], Lemma 6.3). For any ˇ 2 G,

(a) If ƒ is a left or right integral for H1, then 'ˇ .ƒ/ D y'.ˇ/ƒ.

(b) If � is the distinguished grouplike element of H�
1 , then �'ˇ D �.

(c) If g D .g˛/˛2G is the distinguished G-grouplike element of H , then 'ˇ .g˛/ D
gˇ ˛ˇ 1 for all ˛ 2 G.

2.3 Quasitriangular Hopf G -coalgebras. Following Chapter VIII, we call a crossed

Hopf G-coalgebra .H D fH˛g˛2G ; '/ quasitriangular if it is endowed with an R-

matrix, that is, a family R D fR˛;ˇ 2 H˛ ˝ Hˇ g˛;ˇ2G of invertible elements such

that, for all ˛; ˇ;  2 G and x 2 H˛ˇ ,

R˛;ˇ ��˛;ˇ .x/ D �ˇ;˛.'˛ 1 ˝ idH˛
/�˛ˇ˛ 1;˛.x/ �R˛;ˇ ;

.idH˛
˝�ˇ; /.R˛;ˇ / D .R˛; /1ˇ3 � .R˛;ˇ /12 ;

.�˛;ˇ ˝ idH
/.R˛ˇ; / D Œ.idH˛

˝ 'ˇ 1/.R˛;ˇˇ 1/�1ˇ3 � .Rˇ; /˛23;

.'ˇ ˝ 'ˇ /.R˛; / D Rˇ˛ˇ 1;ˇˇ 1 :

Here �ˇ;˛ denotes the flip Hˇ ˝H˛ ! H˛ ˝Hˇ and, for K-vector spaces P; Q and

r D
P

j pj ˝ qj 2 P ˝Q, we set

r12 D r ˝ 1 2 P ˝Q˝H ; r˛23 D 1˛ ˝ r 2 H˛ ˝ P ˝Q;

and r1ˇ3 D
P

j pj ˝ 1ˇ ˝ qj 2 P ˝Hˇ ˝Q. Note that R1;1 is an R-matrix for the

Hopf algebra H1 is the usual sense of the word.

When G is abelian and ' is the trivial crossing, we recover the definition of a

quasitriangular G-colored Hopf algebra due to Ohtsuki [Oh1].

An R-matrix for a crossed Hopf G-coalgebra provides a solution of the G-colored

Yang–Baxter equation

.Rˇ; /˛23 � .R˛; /1ˇ3 � .R˛;ˇ /12

D .R˛;ˇ /12 � Œ.idH˛
˝ 'ˇ 1/.R˛;ˇˇ 1/�1ˇ3 � .Rˇ; /˛23



6.2 Quasitriangular Hopf G-coalgebras 243

and satisfies the following identities (see [Vir2], Lemma 6.4): for all ˛; ˇ;  2 G,

."˝ idH˛
/.R1;˛/ D 1˛ D .idH˛

˝ "/.R˛;1/;

.S˛ 1'˛ ˝ idHˇ
/.R˛ 1;ˇ / D R 1

˛;ˇ and .idH˛
˝ Sˇ /.R 1

˛;ˇ / D R˛;ˇ 1 ;

.S˛ ˝ Sˇ /.R˛;ˇ / D .'˛ ˝ idH
ˇ 1

/.R˛ 1;ˇ 1/:

2.4 The Drinfeld element. The Drinfeld element of a quasitriangular Hopf G-coal-

gebra H D fH˛g˛2G is the family u D .u˛/˛2G 2 …˛2G H˛ , where

u˛ D m˛.S˛ 1'˛ ˝ idH˛
/ �˛;˛ 1.R˛;˛ 1/:

Observe that u1 is the Drinfeld element of the quasitriangular Hopf algebra H1 (see

[Drin2]). By [Vir2], Lemma 6.5, each u˛ is invertible in H˛ and

u 1
˛ D m˛.idH˛

˝ S˛ 1S˛/ �˛;˛.R˛;˛/:

Moreover, for any ˛ 2 G and x 2 H ,

S˛ 1S˛.x/ D u˛'˛ 1.x/u 1
˛ ;

where ' is the crossing in H . This implies that the antipode of H is bijective.

Note also the identities ".u1/ D 1, 'ˇ .u˛/ D uˇ˛ˇ 1 , and

�˛;ˇ .u˛ˇ / D Œ�ˇ;˛.idHˇ
˝ '˛/.Rˇ;˛/ �R˛;ˇ � 1 � .u˛ ˝ uˇ /:

2.5 Ribbon Hopf G -coalgebras. Following Chapter VIII, we call a quasitriangular

Hopf G-coalgebra H D fH˛g˛2G ribbon if it is endowed with a twist, that is, a family

of invertible elements � D f�˛ 2 H˛g˛2G such that for all ˛; ˇ 2 G and x 2 H˛ ,

'˛.x/ D � 1
˛ x�˛; S˛.�˛/ D �˛ 1 ; 'ˇ .�˛/ D �ˇ˛ˇ 1 ;

�˛;ˇ .�˛ˇ / D .�˛ ˝ �ˇ / � �ˇ;˛.idHˇ
˝ '˛/.Rˇ;˛/ �R˛;ˇ :

Note that �1 is a twist of the quasitriangular Hopf algebra H1, and so ".�1/ D 1.

If ˛ 2 G has a finite order d , then �d
˛ is a central element of H˛ . In particular, �1 is

central in H1.

Example. Let G be a group and c W G � G ! K� be a bicharacter of G, that is,

c.˛; ˇ/ D c.˛; ˇ/ c.˛; / and c.˛ˇ; / D c.˛; / c.ˇ; / for all ˛; ˇ;  2 G. Con-

sider the following crossed Hopf algebra Kc : for all ˛; ˇ 2 G, we have Kc
˛ D K as

an algebra and

�˛;ˇ .1K/ D 1K ˝ 1K ; ".1K/ D 1K ; S˛.1K/ D 1K ; 'ˇ .1K/ D 1K :

Then Kc is a ribbon Hopf G-coalgebra of finite type with R-matrix and twist given

by R˛;ˇ D c.˛; ˇ/ 1K ˝ 1K and �˛ D c.˛; ˛/. The Drinfeld elements of Kc are

computed by u˛ D c.˛; ˛/ 1.
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2.6 The spherical G -grouplike element. Let H D fH˛g˛2G be a ribbon Hopf G-

coalgebra with Drinfeld element u D .u˛/˛2G . For any ˛ 2 G, set

w˛ D �˛u˛ D u˛�˛ 2 H˛:

Then w D .w˛/˛2G is a G-grouplike element, called the sphericalG-grouplike element

of H . It satisfies the identities

'ˇ .w˛/ D wˇ ˛ˇ 1 ; S˛.u˛/ D w 1
˛ 1u˛ 1w 1

˛ 1 ; and S˛ 1S˛.x/ D w˛xw 1
˛

for all ˛; ˇ 2 G and x 2 H˛ . Conversely, any G-grouplike element w D .w˛/˛2G

of a quasitriangular Hopf G-coalgebra H D fH˛g˛2G which satisfies these identities

gives rise to a twist � D .�˛/˛2G in H by �˛ D w˛u 1
˛ D u 1

˛ w˛ .

2.7 Further G -grouplike elements. Let H D fH˛g˛2G be a quasitriangular Hopf

G-coalgebra of finite type. Set

`˛ D S˛ 1.u˛ 1/ 1u˛ D u˛ S˛ 1.u˛ 1/ 1 2 H˛;

where u D .u˛/˛2G is the Drinfeld element of H . The properties of u ensure that

` D .`˛/˛2G is a G-grouplike element of H . Let � be the distinguished grouplike

element of H�
1 and y' be the distinguished character of H (see Sections 1.5 and 2.2).

Denoting R D fR˛;ˇ 2 H˛ ˝Hˇ g˛;ˇ2G the R-matrix of H , set

h˛ D .idH˛
˝ �/.R˛;1/ 2 H˛:

Theorem F ([Vir2], Theorem 6.9). The family h D .h˛/˛2G is a G-grouplike element

of H . The distinguished G-grouplike element .g˛/˛2G of H is computed by g˛ D
y'.˛/ 1`˛h˛ for all ˛ 2 G.

For ribbon H , we obtain as a corollary that g˛ D y'.˛/ 1w2
˛h˛ for all ˛ 2 G,

where w D .w˛/˛2G is the spherical G-grouplike element of H .

2.8 Traces. Let H D fH˛g˛2G be a crossed Hopf G-coalgebra. A G-trace for H is

a family of K-linear forms tr D .tr˛/˛2G 2 …˛2GH�
˛ such that

tr˛.xy/ D tr˛.yx/; tr˛ 1.S˛.x// D tr˛.x/; and trˇ˛ˇ 1.'ˇ .x// D tr˛.x/

for all ˛; ˇ 2 G and x; y 2 H˛ . Note that tr1 is a usual trace for the Hopf algebra H1,

which is invariant under the action ' of G.

A Hopf G-coalgebra H D fH˛g˛2G is unimodular if the Hopf algebra H1 is

unimodular (that is the spaces of left and right integrals for H1 coincide). If H1

is finite-dimensional, then H is unimodular if and only if � D ", where � is the

distinguished grouplike element of H�
1 . For example, any finite type semisimple Hopf

G-coalgebra is unimodular.
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Consider in more detail a unimodular ribbon Hopf G-coalgebra H D fH˛g˛2G of

finite type. Let � D .�˛/˛2G be a non-zero right G-integral for H , w D .w˛/˛2G be

the spherical G-grouplike element of H , and y' be the distinguished character of H .

Using Theorems B and F, we obtain that the G-traces for H are parameterized

by families z D .z˛/˛2G such that z˛ 2 H˛ is central, S˛.z˛/ D y'.˛/ 1z˛ 1 , and

'ˇ .z˛/ D y'.ˇ/zˇ ˛ˇ 1 for all ˛; ˇ 2 G. The G-trace corresponding to such a family

z is given by tr˛.x/ D �˛.w˛z˛x/. We point out two such families.

Let ƒ be a left integral for H1 such that �1.ƒ/ D 1. Set z1 D ƒ and z˛ D 0 if

˛ ¤ 1. The resulting family .z˛/˛2G satisfies all the conditions above since H is uni-

modular (and so ƒ is central and S1.ƒ/ D ƒ) and by Lemma E (a). The corresponding

G-trace is given by tr1 D " and tr˛ D 0 for all ˛ ¤ 1.

If y'.˛/ D 1 for all ˛ 2 G, then another possible choice of a family z is z˛ D 1˛

for all ˛. Note that y' D 1 if H is semisimple or cosemisimple or if �1.�1/ ¤ 0, where

� D f�˛g˛2G is the twist of H . We obtain the following assertion.

Theorem G ([Vir2], Theorem 7.4). Suppose under the assumptions above that at least

one of the following four conditions is satisÞed: H is semisimple, or H is cosemisimple,

or �1.�1/ ¤ 0, or 'ˇ jH1
D idH1

for all ˇ 2 G. Then the family of K-linear maps

tr D .tr˛/˛2G , deÞned by tr˛.x/ D �˛.w˛x/ for all x 2 H˛ , is a G-trace for H .

6.3 The twisted double construction

Starting from a crossed Hopf G-coalgebra H D fH˛g˛2G , Zunino [Zu1] constructed a

double Z.H/ D fZ.H/˛g˛2G of H which is a quasitriangular Hopf G-coalgebra con-

taining H as a Hopf G-subcoalgebra. As a vector space, Z.H/˛ D H˛˝.
L

ˇ2G H�
ˇ

/.

Generally speaking, Z.H/ is not of finite type: the components Z.H/˛ may be infinite-

dimensional.

In this section we provide a method, called the twisted double construction, for

deriving quasitriangular Hopf G-coalgebras of finite type from finite-dimensional Hopf

algebras endowed with action of G by Hopf automorphisms (cf. Section 2.1). We also

give an h-adic version of this construction. This will lead us to non-trivial examples

of quasitriangular Hopf G-coalgebras for any finite group G and for infinite groups G

such as GLn.K/. In particular, we define the (h-adic) graded quantum groups.

3.1 Hopf pairings. Recall that a Hopf pairing between two Hopf algebras A and B

(over K) is a bilinear pairing � W A�B ! K such that, for all a; a0 2 A and b; b0 2 B ,

�.a; bb0/ D �.a.1/; b/ �.a.2/; b0/; �.a; 1/ D ".a/;

�.aa0; b/ D �.a; b.2// �.a0; b.1//; �.1; b/ D ".b/:

Such a pairing always preserves the antipode: �.S.a/; S.b// D �.a; b/ for all a 2 A

and b 2 B .
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A Hopf pairing � W A � B ! K determines two annihilator ideals IA D fa 2 A j
�.a; b/ D 0 for all b 2 Bg and IB D fb 2 B j �.a; b/ D 0 for all a 2 Ag. It is

easy to check that IA and IB are Hopf ideals of A and B , respectively. The pairing

� is non-degenerate iff IA D IB D 0. Any Hopf pairing � W A � B ! K induces a

non-degenerate Hopf pairing N� W A=IA � B=IB ! K.

3.2 The twisted double. Let � W A � B ! K be a Hopf pairing between two Hopf

algebras A and B , and let � W A ! A be a Hopf algebra endomorphism of A. Set

D.A; BI �; �/ D A˝ B

as a K-vector space. We provide D.A; BI �; �/ with a structure of an algebra with unit

1A ˝ 1B and multiplication

.a˝ b/ � .a0 ˝ b0/ D �.�.a0.1//; S.b.1/// �.a0.3/; b.3// aa0.2/ ˝ b.2/b
0

for any a; a0 2 A and b; b0 2 B .

Note that if � and �0 are different Hopf algebra endomorphisms of A, then the

algebras D.A; BI �; �/ and D.A; BI �; �0/ are in general not isomorphic (see Remark

in Section 3.4 below).

Theorem H ([Vir3], Theorem 2.6). Let � W A�B ! K be aHopf pairing betweenHopf

algebras A and B , and let � be an action of G on A by Hopf algebra automorphisms,

that is, � is a group homomorphism G ! AutHopf.A/. Then the family of algebras

D.A; BI �; �/ D fD.A; BI �; �˛/g˛2G

has a structure of a Hopf G-coalgebra given by

�˛;ˇ .a˝ b/ D .�ˇ .a.1//˝ b.1//˝ .a.2/ ˝ b.2//;

".a˝ b/ D "A.a/ "B.b/;

S˛.a˝ b/ D �.�˛.a.1//; b.1// �.a.3/; S.b.3/// �˛S.a.2//˝ S.b.2//

for all a 2 A, b 2 B and ˛; ˇ 2 G. Furthermore, if � is non-degenerate and A, B are

Þnite dimensional, then the Hopf G-coalgebra D.A; BI �; �/ is quasitriangular with

crossing ' and R-matrix R D fR˛;ˇ g˛;ˇ2G given by

'ˇ .a˝ b/ D �ˇ .a/˝ ��ˇ .b/ and R˛;ˇ D
P

i

.ei ˝ 1B/˝ .1A ˝ fi /;

where �� W G ! AutHopf.B/ is the unique action such that �.�ˇ ; ��
ˇ

/ D � for all

ˇ 2 G, and .ei /i and .fi /i are dual bases of A and B with respect to � .

Corollary I. Let A be a Þnite-dimensional Hopf algebra and � be an action of G on A

byHopf algebra automorphisms. Then the duality bracket h ; iA˝A� is a non-degenerate

Hopf pairing between A and A�cop and D.A; A�copI h ; iA˝A� ; �/ is a quasitriangular

Hopf G-coalgebra.
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Note that the group of Hopf automorphisms of a finite-dimensional semisimple

Hopf algebra A over a field of characteristic 0 is finite (see [Rad2]). To obtain qua-

sitriangular Hopf G-coalgebras with infinite G using the twisted double method, one

has to start from non-semisimple Hopf algebras or from Hopf algebras over fields of

non-zero characteristic.

In the next three sections, we use Theorem H to give examples of quasitriangular

Hopf G-coalgebras.

3.3 Example: Þnite G . Let G be a finite group. In this section, we describe the

ribbon Hopf G-coalgebras obtained by the twisted double construction from the group

algebra KŒG�. The standard Hopf algebra structure on KŒG� is given by �.g/ D g˝g,

".g/ D 1, and S.g/ D g 1 for all g 2 G. The dual of KŒG� is the Hopf algebra

F.G/ D KG of functions G ! K with structure maps and basis .eg W G ! K/g2G

described in Section 2.1. Let � W G ! AutHopf.KŒG�/ be the homomorphism defined

by �˛.h/ D ˛h˛ 1 for ˛ 2 G; h 2 KŒG�. Corollary I yields a quasitriangular Hopf

G-coalgebra

DG.G/ D D.KŒG�; F.G/copI h ; iKŒG��F .G/; �/:

Let us describe DG.G/ D fD˛.G/g˛2G more precisely. For ˛ 2 G, the algebra

D˛.G/ is equal to KŒG�˝F.G/ as a K-vector space, has unit 1D˛.G/ D
P

g2G 1˝eg

and multiplication

.g ˝ eh/ � .g0 ˝ eh0/ D ı˛g0˛ 1;h 1g0h0 gg0 ˝ eh0

for all g; g0; h; h0 2 G. The structure maps of DG.G/ are

�˛;ˇ .g ˝ eh/ D
P

xyDh

ˇgˇ 1 ˝ ey ˝ g ˝ ex; ".g ˝ eh/ D ıh;1;

S˛.g ˝ eh/ D ˛g 1˛ 1 ˝ e˛g˛ 1h 1g 1 ; '˛.g ˝ eh/ D ˛g˛ 1 ˝ e˛h˛ 1

for all ˛; ˇ; g; h 2 G. The crossed Hopf G-coalgebra DG.G/ is quasitriangular and

furthermore ribbon with R-matrix and twist

R˛;ˇ D
P

g;h2G

g ˝ eh ˝ 1˝ eg and �˛ D
P

g2G

˛ 1g˛ ˝ eg

for all ˛; ˇ 2 G. The spherical G-grouplike element of DG.G/ is w D .1D˛.G//˛2G .

The family � D .�˛/˛2G , defined by �˛.g˝ eh/ D ıg;1, is a two-sided G-integral for

DG.G/.

3.4 An example of a quasitriangular Hopf GLn.K/-coalgebra. In this section, K

is a field of characteristic¤ 2 and n is a positive integer. Let A be the K-algebra with

generators g; x1; : : : ; xn subject to the relations

g2 D 1; x2
i D 0; gxi D  xig; xixj D  xj xi :
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The algebra A is 2nC1-dimensional and has a Hopf algebra structure given by

�.g/ D g ˝ g; ".g/ D 1; �.xi / D xi ˝ g C 1˝ xi ; ".xi / D 0; S.g/ D g;

and S.xi / D gxi for all i . The group of Hopf automorphisms of A is isomorphic to

the group GLn.K/ of invertible n�n-matrices with coefficients in K (see [Rad2]). An

explicit isomorphism � W GLn.K/ ! AutHopf.A/ carries any ˛ D .˛i;j / 2 GLn.K/

to the automorphism �˛ of A given by

�˛.g/ D g and �˛.xi / D
n

P

kD1

˛k;i xk :

We apply Corollary I to these A and �. Observing that A� Š A as Hopf algebras,

we can quotient the resulting quasitriangular Hopf GLn.K/-coalgebra to eliminate one

copy of the generator g (which appears twice), see [Vir3], Proposition 4.1. This gives

a quasitriangular Hopf GLn.K/-coalgebra H D fH˛g˛2GLn.K/. We give here a direct

description of H . For ˛ D .˛i;j / 2 GLn.K/, let H˛ be the K-algebra generated g,

x1; : : : xn, y1; : : : ; yn, subject to the relations

g2 D 1; x2
1 D � � � D x2

n D 0; gxi D  xig; xixj D  xj xi ;

y2
1 D � � � D y2

n D 0; gyi D  yig; yiyj D  yj yi ;

xiyj  yj xi D . j̨;i  ıi;j / g;

where 1 � i; j � n. The family H D fH˛g˛2GLn.K/ has the following structure of a

crossed Hopf GLn.K/-coalgebra:

�˛;ˇ .g/ D g ˝ g; ".g/ D 1; S˛.g/ D g;

�˛;ˇ .xi / D 1˝ xi C
n

P

kD1

ˇk;i xk ˝ g; ".xi / D 0; S˛.xi / D
n

P

kD1

˛k;i gxk;

�˛;ˇ .yi / D yi ˝ 1C g ˝ yi ; ".yi / D 0; S˛.yi / D  gyi ;

'˛.g/ D g; '˛.xi / D
n

P

kD1

˛k;i xk; '˛.yi / D
n

P

kD1

Q̨ i;k yk;

where ˛ D .˛i;j /, ˇ D .ˇi;j / run over GLn.K/, . Q̨ i;j / D ˛ 1, and 1 � i � n. The

crossed Hopf GLn.K/-coalgebra H is quasitriangular with R-matrix

R˛;ˇ D
1
2

P

S�f1;:::ng

xS ˝ yS C xS ˝ gyS C gxS ˝ yS  gxS ˝ gyS

for all ˛; ˇ 2 GLn.K/. Here x; D 1, y; D 1, and for a nonempty subset S of

f1; : : : ng, we set xS D xi1 : : : xis and yS D yi1 : : : yis , where i1 < � � � < is are the

elements of S .
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Remark. Generally speaking, for distinct ˛; ˇ 2 GLn.K/, the algebras H˛ and Hˇ

are not isomorphic. For example, H˛ 6' H1 for any ˛ 2 GLn.K/ f1g. It suffices to

prove that

H˛=ŒH˛; H˛� 6' H1=ŒH1; H1�:

Indeed, H˛=ŒH˛; H˛� D 0 since g D 1

j̨;i ıi;j
.xiyj  yj xi / 2 ŒH˛; H˛� (for some

1 � i; j � n such that j̨;i ¤ ıi;j ) and so 1 D g2 2 ŒH˛; H˛�. In H1=ŒH1; H1�,

we have xk D xkg2 D 0 (since xkg D gxk D  xkg and so xkg D 0) and likewise

yk D 0. Hence H1=ŒH1; H1� D Khg jg2 D 1i ¤ 0.

3.5 Graded quantum groups. Let g be a finite-dimensional complex simple Lie

algebra of rank l with Cartan matrix .ai;j /. Let fdig
l
iD1 be coprime integers such

that the matrix .diai;j / is symmetric. Let q be a fixed non-zero complex number and

qi D qdi for i D 1; 2; : : : ; l . We suppose that q2
i ¤ 1 for all i .

Recall that the (usual) quantum group Uq.g/ can be obtained as a quotient of the

quantum double of Uq.bC/, where bC is the (positive) Borel subalgebra of g (the

quotient is needed to eliminate the second copy of the Cartan subalgebra). Applying

Theorem H to the Hopf algebra Uq.bC/ endowed with an action of .C�/l by Hopf

automorphisms, we obtain the “graded quantum group” introduced in [Vir3], Proposi-

tion 5.1. It can be directly described as follows.

Set G D .C�/l . For ˛ D .˛1; : : : ; ˛l/ 2 G, let U ˛
q .g/ be the C-algebra generated

by K˙1
i , Ei , Fi , 1 � i � l , subject to the following defining relations:

KiKj D Kj Ki ; KiK
 1
i D K 1

i Ki D 1;

KiEj D q
ai;j

i Ej Ki ;

KiFj D q
 ai;j

i Fj Ki ;

EiFj  Fj Ei D ıi;j

˛iKi  K 1
i

qi  q 1
i

;

1 ai;j
P

rD0

. 1/r
�

1 ai;j

r

�

qi
E

1 ai;j r

i Ej Er
i D 0 if i ¤ j;

1 ai;j
P

rD0

. 1/r
�

1 ai;j

r

�

qi
F

1 ai;j r

i Fj F r
i D 0 if i ¤ j:

The family U G
q .g/ D fU ˛

q .g/g˛2G has a structure of a crossed Hopf G-coalgebra

given, for ˛ D .˛1; : : : ; ˛l/ 2 G, ˇ D .ˇ1; : : : ; ˇl/ 2 G and 1 � i � l , by:

�˛;ˇ .Ki / D Ki ˝Ki ;

�˛;ˇ .Ei / D ˇiEi ˝Ki C 1˝Ei ;

�˛;ˇ .Fi / D Fi ˝ 1CK 1
i ˝ Fi ;
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".Ki / D 1; ".Ei / D ".Fi / D 0;

S˛.Ki / D K 1
i ; S˛.Ei / D  ˛iEiK

 1
i ; S˛.Fi / D  KiFi ;

'˛.Ki / D Ki ; '˛.Ei / D ˛iEi ; '˛.Fi / D ˛ 1
i Fi :

Note that .U 1
q .g/, �1;1, "; S1/ is the usual quantum group Uq.g/.

To give a rigorous treatment of R-matrices for the graded quantum groups, we

need h-adic versions of Hopf G-coalgebras and of graded quantum groups. This is the

content of the next two sections.

3.6 The h-adic case. In this section, we develop an h-adic variant of Hopf G-

coalgebras. Roughly speaking, h-adic Hopf G-coalgebras are obtained by taking the

ring CŒŒh�� of formal power series as the ground ring and requiring that the algebras

(resp. the tensor products) are complete (resp. completed) in the h-adic topology.

Recall that if V is a (left) module over CŒŒh��, then the topology on V for which

the sets fhnV C v j n 2 Ng form a base for neighborhoods of v 2 V is called the

h-adic topology. For CŒŒh��-modules V and W , denote by V y̋ W the completion of

V ˝CŒŒh�� W in the h-adic topology.

If V is a complex vector space, then the set V ŒŒh�� of all formal power series
P1

nD0 vnhn with coefficients vn 2 V is a CŒŒh��-module called a topologically free

module. Topologically free modules are exactly CŒŒh��-modules which are complete,

separated, and torsion-free. Furthermore, V ŒŒh�� y̋ W ŒŒh�� D .V ˝ W /ŒŒh�� for any

complex vector spaces V and W .

An h-adic algebra A is a CŒŒh��-module complete in the h-adic topology and en-

dowed with a CŒŒh��-linear map m W A y̋ A ! A and an element 1 2 A such that

m.idA y̋ m/ D m.m y̋ idA/ and m.idA y̋ 1/ D idA D m.1 y̋ idA/.

By an h-adic Hopf G-coalgebra, we mean a family H D fH˛g˛2G of h-adic

algebras endowed with h-adic algebra homomorphisms �˛;ˇ W H˛ˇ ! H˛ y̋ Hˇ

(˛; ˇ 2 G), " W A ! CŒŒh��, and with C ŒŒh��-linear maps S˛ W H˛ ! H˛ 1 (˛ 2 G)

satisfying formulas of Section 1.1. It is understood that the algebraic tensor product˝
is replaced everywhere by its h-adic completions y̋ .

The notions of crossed, quasitriangular, and ribbon h-adic Hopf G-coalgebras can

be defined similarly following Sections 2.1 and 2.3.

Theorem H carries over to the h-adic Hopf algebras. The key modifications are that

� W A y̋ B ! CŒŒh�� must be CŒŒh��-linear and D.A; BI �; �/ D A y̋ B .

Theorem J. Let � W A y̋ B ! CŒŒh�� be an h-adic Hopf pairing between two h-adic

Hopf algebras A and B . Let � W G ! AutHopf.A/ be an action of G on A by h-adic

Hopf automorphisms. Then the family D.A; BI �; �/ D fD.A; BI �; �˛/g˛2G is an

h-adic Hopf G-coalgebra. Assume furthermore that A and B are topologically free,

� is non-degenerate, and R˛;ˇ D
P

i .ei ˝ 1B/ ˝ .1A ˝ fi / belongs to the h-adic

completion D.A; BI �; �˛/ y̋ D.A; BI �; �ˇ /, where .ei /i and .fi /i are bases of A

and B dual with respect to � . Then D.A; BI �; �/ is quasitriangular with R-matrix

R D fR˛;ˇ g˛;ˇ2G .
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The condition on R˛;ˇ in the second part of the theorem means the following. Since

A and B are topologically free, A D V ŒŒh�� and B D W ŒŒh�� for some complex vector

spaces V and W . Then

D.A; BI �; �˛/ y̋ D.A; BI �; �ˇ / D .V ˝W ˝ V ˝W /ŒŒh��:

We require that R˛;ˇ D
P

i .ei ˝ 1B/˝ .1A˝ fi / can be expanded as
P1

nD0 rnhn for

some rn 2 V ˝W ˝ V ˝W .

In the next section, we use Theorem J to define h-adic graded quantum groups.

3.7 h-adic graded quantum groups. Let g be a finite-dimensional complex simple

Lie algebra of rank l with Cartan matrix .ai;j /. Let fdig
l
iD1 be coprime integers such

that the matrix .diai;j / is symmetric. Applying Theorem J to the h-adic Hopf algebras

Uh.bC/ and zUh.b / D CŒŒh��1C hUh.b /, we obtain (after appropriate quotienting)

quasitriangular “h-adic graded quantum groups” (see [Vir3], Proposition 6.1). We give

here a direct description of these quantum groups.

Let G D CŒŒh��l with group operation being addition. For ˛ D .˛1; : : : ; ˛l/ 2 G,

let U ˛
h

.g/ be the h-adic algebra generated by the elements Hi , Ei , Fi , 1 � i � l ,

subject to the following defining relations:

ŒHi ; Hj � D 0;

ŒHi ; Ej � D aij Ej ;

ŒHi ; Fj � D  aij Fj ;

ŒEi ; Fj � D ıi;j

edi h˛i edi hHi  e di hHi

edi h  e di h
;

1 ai;j
P

rD0

. 1/r
�

1 ai;j

r

�

edi hE
1 ai;j r

i Ej Er
i D 0 .i ¤ j /;

1 ai;j
P

rD0

. 1/r
�

1 ai;j

r

�

edi hF
1 ai;j r

i Fj F r
i D 0 .i ¤ j /:

The family U G
h

.g/ D fU ˛
h

.g/g˛2G has a structure of a crossed h-adic Hopf G-

coalgebra given, for ˛ D .˛1; : : : ; ˛l/; ˇ D .ˇ1; : : : ; ˇl/ 2 G and 1 � i � l ,

by

�˛;ˇ .Hi / D Hi ˝ 1C 1˝Hi ; ".Hi / D 0;

�˛;ˇ .Ei / D edi hˇi Ei ˝ edi hHi C 1˝Ei ; ".Ei / D 0;

�˛;ˇ .Fi / D Fi ˝ 1C e di hHi ˝ Fi ; ".Fi / D 0;

S˛.Hi / D  Hi ; S˛.Ei / D  edi h˛i Eie
 di hHi ; S˛.Fi / D  edi hHi Fi ;

'˛.Hi / D Hi ; '˛.Ei / D edi h˛i Ei ; '˛.Fi / D e di h˛i Fi :
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Furthermore, U G
h

.g/ is quasitriangular by Theorem J (the conditions of this theorem

are satisfied by A D Uh.bC/ and B D zUh.b /). For example, for g D sl2 and

G D CŒŒh��, the R-matrix of U G
h

.sl2/ is given by

R˛;ˇ D eh.H˝H/=2
1
P

nD0

Rn.h/ En ˝ F n 2 U ˛
h

.sl2/ y̋ U
ˇ

h
.sl2/

for all ˛; ˇ 2 CŒŒh��, where Rn.h/ D qn.nC1/=2 .1 q 2/n

Œn�qŠ
and q D eh.


