CHROMATIC MAPS FOR FINITE TENSOR CATEGORIES
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ABSTRACT. Chromatic maps for spherical tensor categories are instrumental
tools to construct (non semisimple) invariants of 3-manifolds and their exten-
sion to (non compact) (24+1)-TQFTs. In this paper, we introduce left and right
chromatic maps for finite tensor categories and prove that such maps always
exist. As a corollary, we obtain that any spherical finite tensor category has a
chromatic map.
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1. INTRODUCTION

During the last 30 years, deep relations have emerged between low-dimensional
topology and the theory of monoidal categories. In particular, monoidal categories
carrying appropriate additional structures (such as pivotality, linearity, finiteness,
braidings, etc...) have been used to construct topological invariants of 3-manifolds
and (24+1)-TQFTs, see for example [Tul, [TVi] for the semisimple approach, [KILJ]
for a first non semisimple approach, and [CGPT] [CGPV] for a new non semisimple
approach. In this latter non semisimple approach, the main algebraic tools used for
the topological constructions are the chromatic maps whose definition involves the
(non degenerate) modified trace on the ideal of projective objects of a spherical finite
tensor category. The chromatic maps are also a key ingredient for the definition of
the skein (3+1)-TQFTs of [CGHP]. (In both cases, the chromatic maps play the
role of so called “Kirby colors” in the surgery semisimple approach see Example 2.7]
or of the integral for Hennings invariants, see Example [2Z8])

In this paper, given a finite tensor category C (in the sense of [EGNOQO]), we
introduce right and left chromatic maps for C. Their definition involves the distin-
guished invertible object of C (see Section 2:4]). Our main result (Theorem 2.2)) is
that left and right chromatic maps for C always exist. The proof of this result uses
the central Hopf monad (which describes the center of C, see [BV2]) and the exis-
tence and uniqueness of (co)integrals based at the distinguished invertible object
of C (see [Sh).

As a corollary, we get (Corollary[2.2]) that any spherical finite tensor category has
a chromatic map in the sense of [CGPT,[CGPV]. In particular, this proves that the
construction of invariants of closed 3-manifolds given in [CGPT] and their extension
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to non-compact (2+1)-TQFTs given in [CGPV] can be performed starting with any
spherical finite tensor category.

The paper is organized as follows. In Section 2] after some algebraic preliminar-
ies, we introduce right and left chromatic maps for a finite tensor category C and
state their existence. Next, when C is spherical, we relate them to the chromatic
maps in the sense of [CGPT, [CGPV]. Section Bl is dedicated to the proofs of the
above results. In particular, we recall the notion of a Hopf monad and its based
(co)integrals as well as the construction (in terms of coends) of the central Hopf
monad which are used in the proof of the main result.

2. CHROMATIC MAPS

Throughout the paper, we fix an algebraically closed field k.

2.1. Conventions on monoidal categories. For the basics on monoidal cate-
gories, we refer for example to [MLL [EGNO] [TVi]. We will suppress in our formulas
the associativity and unitality constraints of monoidal categories. This does not
lead to ambiguity because by Mac Lane’s coherence theorem, all legitimate ways
of inserting these constraints give the same result. For any objects X, ..., X,, with
n > 2, we set

X19Xo® - 0X,=(..(X19X2)@X3) @ @ Xp_1) ® Xy,

and similarly for morphisms.

Recall that a monoidal category is rigid if every object admits a left dual and
a right dual. Subsequently, when dealing with rigid categories, we shall always
assume tacitly that for each object X, a left dual VX and a right dual X" has been
chosen, together with their (co)evaluation morphisms

evx: XX —1, coevy:1— X ® VX,
&X:X@)XV*}]]., C/O\e/in]l%Xv@X.

A pivotal category is a rigid monoidal category with a choice of left and right duals
for objects so that the induced left and right dual functors coincide as monoidal
functors. Then we write X* = VX = XV for any X € C, and

¢ = {(bx = (idx** ®eVX)(CBE§/'X>k ®idx): X — X**}XEC

is a monoidal natural isomorphism relating the (co)evaluation morphisms, called
the pivotal structure of C.

2.2. Projective objects and covers. An object P of an abelian category C is
projective if the functor Hom(P, —): C — Set preserves epimorphisms. An abelian
category has enough projectives if every object has an epimorphism from a projec-
tive object onto it.

A projective cover of an object X of an abelian category C is a projective object
P(X) of C together with an epimorphism p: P(X) — X such that if g: P — X is
an epimorphism from a projective object P to X, then there exists an epimorphism
h: P — P(X) such that ph = g. Note that if it exists, a projective cover is
unique up to a non-unique isomorphism, and a projective cover of a simple object
is indecomposable.

2.3. Finite tensor categories. Recall that a monoidal category is k-linear if each
hom-set carries a structure of a k-vector space so that the composition and monoidal
product of morphisms are k-bilinear.

Following [EGNO], a finite tensor category (over k) is a k-linear rigid monoidal
abelian category C = (C,®, 1) such that:
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(i) the category C is locally finite: the hom-sets are finite dimensional and
every object of C has finite length,
(ii) the category C has enough projectives,

(iii) there are finitely many isomorphism classes of simple objects,

(iv) Ende(1) = kidy.

Let C be a finite tensor category. Then the unit object 1 of C is simple (see
[EGNO| Theorem 4.3.8]). Also, every simple object of C has a projective cover,
and any indecomposable projective object P of C has a unique simple subobject,
called the socle of P (see [EGNO| Remark 6.1.5]). In particular, the socle of the
projective cover of the unit object 1 is an invertible object called the distinguished
invertible object of C. Finally note that C has a projective generator, that is, a
projective object G such that the functor Home(G,—): C — Set is faithful or,
equivalently, such that any projective object is a retract of G®™ for some n € N.

2.4. Chromatic maps. Let C be a finite tensor category. Pick a projective cover
€: Py — 1 of the unit object and a monomorphism 7n: a — Py, where « is the
distinguished invertible object of C.

Lemma 2.1. There are unique natural transformations
A ={A%:a®X = X}xec and A ={A\%: X ®a— X}xec
such that for any indecomposable projective object P mon isomorphic to Py,
AL =0, AL =0, and Ap, =n®c¢, Alp0 =e®m.

We prove Lemma 2.1l in Section [31}
Let P be a projective object and G be a projective generator of C. A right
chromatic map based at P for G is a morphism

¢ € Home(P® GYY,P® G ® a)
such that for all X € C,
(idp R evg ®idx)(idp®g ®AEV®X)(C;3 ®idgv®x)(idp ® evgv ®idx) = idp@x.

Using graphical calculus for monoidal categories (with the convention of diagrams
to be read from bottom to top), the latter condition depicts as:

P

P P |x

Similarly, a left chromatic map based at P for G is a morphism
cb € Home (VG @ P,a® G ® P)

such that for all X € C,

(idx XK evg X idp)(A{X(@vG ® idG@p)(idX®vG ® Clp)(ldx & coevvg & ldp) = idX®p.
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This condition depicts as:

X

coevvg

X X |P

The main result of the paper is the existence of right and left chromatic maps
for finite tensor categories:

Theorem 2.2. For any projective object P and any projective generator G of C,
there are a right chromatic map and a left chromatic map based at P for G.

We prove Theorem in Section [3.41

Example 2.3. Let H be a finite dimensional Hopf algebra over k. The category
H-mod of finite dimensional (left) H-modules and H-linear homomorphisms is a
finite tensor category. Recall that the left dual of an object M of H-mod is the
H-module YM = M* = Homy(M,k) where each h € H acts as the transpose of
m € M — S(h)-m € M, with S the antipode of H. The right dual of M is
MY = M* where each h € H acts as the transpose of m € M +— S™1(h) -m € M.
The associated left and right evaluation morphisms are computed for any m € M
and ¢ € M* by
ev(p ®m) = p(m) = ev(m @ ¢).

A projective generator of H-mod is H equipped with its left regular action. It
follows from [EGNO| Proposition 6.5.5.] that the distinguish object a of H-mod
is k with action H ® k &2 H — k given by the inverse ay € H* of the distinguished
grouplike element of H*. (The form «ay is characterized by AS(h) = am(h)A for
all h € H and all left cointegral A € H.) Pick a projective cover £: Py — k of the
unit object and a monomorphism 7: o — Py. Since the counit eg: H — k of H is
an epimorphism, there exists an epimorphism p: H — Py such that ey = ep. Let
i: Py — H be a section of p in H-mod and set A = S(in(lx)) € H. We prove in
Section [B.6] that A is a non zero left cointegral. By [Ra, Theorem 10.2.2], there is a
unique right integral A € H* such that A(A) = 1. Then a left chromatic map based
at H for H is

cé{:{VVH@@H - a®H®H
e ®y = ASWa))w)on(ye) ©ys) @y
and a right chromatic map based at H for H is
C%:{H@)HVV - HeH®«A
y®er =y Yo @ am(ye)A(S(@)ya))
where x € H — e, € H** is the canonical k-linear isomomorphism. We verify this
in Section More generally, for any finite dimensional projective H-module P,

cp = (idagn ® gi)cy(idvvy @ f;) and cp = (g ®idnga)ch (idsonv)

3 3
are respectively a left chromatic map and right chromatic map based on P for H,
where {f;: P — H,g;: H — P}, is any finite family of H-linear homomorphisms
such that idp = >, g; fi.
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2.5. The case of spherical finite tensor categories. Recall the notion of a
left or right modified trace from [GPV]. Following [SS], a finite tensor category is
spherical if it is pivotal, unimodular (meaning that 1 is the distinguished invertible
object), and the unique non degenerate right modified trace on the full subcategory
Proj of projective objects is also a left modified trace.

Let C be a spherical finite tensor category. Pick a projective cover e: Py — 1
of the monoidal unit and a monomorphism 7: 1 — Py. Consider the unique non
degenerate two-sided modified trace

t = {tp: End¢(P) — k} peproj

such that tp,(ne) = 1k (see [GKP Corollary 5.6]). Recall that the non degeneracy
of t implies that the pairing u ® v € Home (P, 1) ® Home (1, P) — tp(vu) € k is
non degenerate. Define
At = {AE; P — P}PEProj

by setting A% = Y, z; o 2, where (z'); and (z;); are basis of Home(P,1) and
Home (1, P) which are dual with respect to above pairing. Note that the cyclicity
of t (meaning that tp(gf) = to(fg) for all morphisms f: P — Q and g: Q — P in
Proj) implies that the family A® is natural in P € Proj.

Let P be a projective object and G be a projective generator of C. A chromatic
map based on P for G in the sense of [CGPT] [CGPV] is a morphism

cp € Ende(G® P)
such that for all X € C,
(idx ®evg ®idp)(Axga- ® ¢p)(idx ® coevg @ idp) = idxgp.
This condition depicts as:
1~ ¥

t —
] [ ] -

X G TP x |p

Here we use the following graphical conventions for pivotal categories: strands are
oriented, a strand oriented upwards (respectively, downwards) and colored by an
object V' € C corresponds to idy (respectively, idy«), and the oriented caps and
cups correspond to the evaluation and coevaluation morphisms.

Consider the natural transformations A" and A! associated with ¢ and 7 as
in Lemma 2.1

Lemma 2.4. For any projective object P of C, we have: A% = A}, = AL,.

We prove Lemma 2.4] in Section The next corollary is a direct consequence
of Theorem and Lemma 2.4

Corollary 2.5. Any spherical tensor category has chromatic maps.

Proof. Lemma 7] and the fact that coevg = (idg- ® ¢g')coevg-, where ¢ is the
pivotal structure of C (see Section 2.T]) imply that a morphism cp: GRP — GRP is
a chromatic map if and only if the morphism cl, = cP(gbal ®idp): G*QP — GP
is a left chromatic map. The existence of a chromatic map based on any projective
object P for any projective generator G follows then from Theorem O

Remark 2.6. Let P be a projective object and G be a projective generator of C.
Then P* is a projective object and G* is a projective generator of C. By Corol-
lary 28] there is a chromatic map cp+ € Ende(G* ® P*) based on P* for G*. Then
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the morphism

&p = € Ende(P® G)
P G
satisfies the following relation: for all X € C,
T F
][] -

R M

Example 2.7. Let C be a spherical fusion category. Then every object of C is
projective and a projective generator is G = @, i, where I is a representative set
of simples object of C. For any projective object P, a chromatic map based on P is

cp = P adim(i) id; ® idp.
iel
Formally, cp = idq ® idp, where Q = @, ; qdim(7) 4 is the “Kirby color” of C.

Example 2.8. Let H be a finite dimensional Hopf algebra over k. Then the
category H-mod (see Example 2.3) is spherical if and only if H is unimodular and
unibalanced in the sense of [BBG|] (meaning that H is pivotal with pivot a square
root of the distinguish grouplike element of H). Assume this is the case. With
the notation of Example 2.3 this means that oy € H* is the counit of H and
the pivot g of H satisfies S?(h) = ghg™" and A(h(2))h(1y = A(h)g® for all h € H.
Then the canonical k-linear isomomorphism x € H — e, € H** induces a H-linear
isomorphism H = YVH equal to the pivotal structure of H-mod evaluated at H.
Consequently, it follows from Example (see also [CGPT] Section 6]) that a
chromatic map based at H for H is
o { H®H — H®H
U 20y = AMSWa))9z) ye) ©ye).

More generally, for any finite dimensional projective H-module P,

cp =) (idp ®@gi)cu(idu ® fi): HOP - H® P

K2

is a chromatic map based on P for H, where {f;: P — H,g;: H — P}, is any finite
family of H-linear homomorphisms such that idp = )", gi fi.

3. PROOFS

We first prove Lemma 2] in Section Bl Next we recall the notions of a Hopf
monad and their based (co)integrals (Section[3:2)) and the construction of the central
Hopf monad (Section B3]). Then we use these notions to prove Theorem 22 in
Section [3.4l Finally, in Section 3.5 we prove Lemma 2.4]

3.1. Proof of Lemma 2.1. For any indecomposable projective object P non iso-
morphic to Py and all morphisms f € End¢(Fy), g € Home (P, Py), h € Home (P, P),
it follows from [GKPl Lemma 4.3] that

nRef=fne, eg=0, hn=0.

This and the fact that any projective object is a (finite) direct sum of indecompos-
able projective objects imply that the prescriptions of Lemma 2] uniquely define
natural transformations {A%: a ® P — P}peproj and {A}h: P ® @ — P} peproj,
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where Proj is the full subcategory of C of projective objects. These natural trans-
formations further uniquely extend to C by applying the next Lemma BT with the
functor F' = a® — (which is exact since it is an equivalence because « is invertible)
and the identity functor G = 1¢.

Lemma 3.1. Let F,G: A — B be additive functors between abelian categories.
Assume that A has enough projectives and that F' is right exact. Denote by Proj
the full subcategory of A of projective objects. Then any natural transformation
{ap: F(P) — G(P)}peproj uniquely extends to A, that is, to a natural transfor-
mation {ax: F(X) = G(X)}xea-

Proof. Consider a natural transformation a = {ap: F(P) - G(P)}peproj. As-
sume first that @ and & are both extensions of « to A. Let X € A. Pick an
epimorphism p: P — X with P projective. Using the naturality of & and & to-
gether with the fact that both @ and & extend «, we have:

axF(p) = G(p)ap = G(p)ap = G(p)ap = axF(p).

Thus ax = ax since F(p) is an epimorphism (because p is and F' is right exact).
This proves the uniqueness of an extension of « to A.

We now prove the existence of an extension of a to A. Let X € A. Pick an
epimorphism p: P — X with P projective. Then there is a unique morphism
ax: F(X)— G(X) in A such that

(1) axF(p) = G(p)ap.

Indeed, since A is abelian, the epimorphism p is the cokernel of its kernel k: K — P.
Pick an epimorphism r: Q — K with @ projective. Then p is the cokernel of
qg = kr: @ — P, and so F(p) is the cokernel of F(q) (because F is right exact).
Consequently, since

G(p)arF(q) = G(p)G(q)ag = G(pg)ag = G(0)ag =0,

there is a unique morphism ax: F(X) — G(X) in A satisfying (I). Note that
the morphism ax does not depend on the choice of p. Indeed, let r: R — X be
another epimorphism with R projective and denote by ax: F(X) — G(X) the
unique morphism such that G(r)ar = axF(r). Since P is projective and r is an
epimorphism, there is a morphism s: P — R such that p = rs. Then

axF(p) = Gp)ap = G(r)G(s)ap = G(r)arl'(s) = ax F(r)F(s) = ax F(p),

and so ax = ax (since F(p) is an epimorphism). Note also that ap = ap for all
P € Proj. Indeed, since idp: P — P is an epimorphism with P projective and
using the defining relation (), we have:

ap = @pF(idp) = G(idp)ap = ap.

It remains to prove that the family & = {ax: F(X) - G(X)}xe.4 is natural in X.
Let f: X = Y be a morphism in A. Pick epimorphisms p: P — X and ¢: Q@ — Y
with P, @ projective. Since P is projective and ¢ is an epimorphism, there is a
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morphism g: P — @ such that fp = qg. Consider the following diagram:
F (f)

/ % N
F(g)
/g? \

G(q) G( )
%
lll
F(p) G(p) G(f)

The inner squares (i) and (iii) commute by the functoriality of F' and G applied
to the equality fp = ¢qg. The inner squares (ii) and (iv) commute by the defining
relation ([I). The inner square (v) commutes by the naturality of o. Consequently,
the outer diagram commutes: ay F(f)F(p) = G(f)axF(p). Since F(p) is an
epimorphism (because p is and F is right exact), we obtain ay F(f) = G(f)ax. O

3.2. Hopf monads and their based (co)integrals. A monad on a category C is
a monoid in the category of endofunctors of C, that is, a triple (7', m,u) consisting
of a functor T: C — C and two natural transformations

m={mx:T*(X) = T(X)}xec and u={ux:X — T(X)}xec
called the product and the unit of T, such that for any X € C,
mxT(mx) = meT(X) and mXuT(X) = idT(X) = mXT(uX).

A bimonad on monoidal category C is a monoid in the category of comonoidal
endofunctors of C. In other words, a bimonad on C is a monad (T, m,u) on C such
that the functor 7" and the natural transformations m and u are comonoidal. The
comonoidality of T" means that T' comes equipped with a natural transformation
T ={T(X,Y): T(X®Y) > T(X)®T(Y)}x yec and a morphism Tp: T(1) — 1
such that for all X,Y, Z € C,

(idrx) @ To(Y, 2)) To(X,Y ® Z) = (To(X,Y) @idyz) ) To(X @Y, Z),
(idrx) ® To)T2(X, 1) = idpx) = (To ® idr(x))T2(L, X).
The comonoidality of m and u means that for all X,Y € C,
To(X, Y)mxgy = (mx @ my)T2(T(X),T(Y))T(T2(X,Y)),
To(X,Y)uxgy = ux ® uy.

Let T = (T, m,u) be a bimonad on a monoidal category C and A be an object
of C. A left A-integral for T is a morphism A;: T(A) — 1 in C such that

(idp@) @ AT (1, A) = ug Ay
Similarly, a right A-integral for T is a morphism A,: T(A) — 1 in C such that
(Ar @ idp(q))T2(A, 1) = ugA,.
An A-cointegral for T is a morphism A: 1 — T'(A) in C which is T-linear:
maT(\) = \T.
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A Hopf monad on monoidal category C is a bimonad on C whose left and right
fusion operators are isomorphisms (see [BLV]). When C is a rigid category, a
bimonad T on C is a Hopf monad if and only if it has a left antipode and a right
antipode (see [BV1]). (Here, we will not need the actual definition of a Hopf monad
and so just refer to [BLV] [BV1].)

3.3. The central Hopf monad. Let C be a rigid monoidal category. Assume that
for any X € C, the coend

@ Z(X)/YECVY@)X@Y

exists. Denote by ixy: Y ® X ® Y — Z(X) the associated universal dinatural
transformation and set

6X7y = (idy X ’L'X,y)(COGVY ® idX®y): XY -Y® Z(X)
We will depict the morphism Ox y as
Y Z(X)
Oxy =
X Y
and call 0 = {Ox,y}x vec the centralizer of C. The universality of {ixy}yec
translates to a universal factorization property for 9 as follows: for any X, M € C

and any natural transformation {{y: X @ Y = Y ® M}ycc, there exists a unique
morphism 7: Z(X) — M in C such that £y = (idy ® r)0x,y for all Y € C:

L& ] =

Also, the parameter theorem for coends (see [ML]) implies that the family of coends
{Z(X)}xec uniquely extend to a functor Z: C — C so that 0 = {dx,y}x,vec is
natural in X and Y.

By [BV2, Corollary 5.14 and Theorem 6.5, the functor Z has the structure
of a quasitriangular Hopf monad, called the central Hopf monad of C, which de-
scribes the center Z(C) of C (meaning that the Eilenberg-Moore category of Z is
isomorphic to Z(C) as braided monoidal categories). The product m, unit u, and
comonoidal structure (Zs, Zy) are characterized (using the universal factorization
property for 9) by the followmg equahtles with X, X1, Xs,Y, Yl, Y2 ecC:

X Y1®Ys
X1 XQ
f ! = M

X ® Xo

Note that the left and right antlpodes and R—matnx of Z can sunllarly be described
(see [BV2]), but we do not recall these descriptions since we do not use them in the
sequel.
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3.4. Proof of Theorem 2.2. Note that a left chromatic map based at a projective
object P for a projective generator GG is nothing but a right chromatic map based
at P for G in the finite tensor category C®°P = (C,®°P,1). Thus we only need to
prove the existence of right chromatic maps.

Since the category C has a projective generator, the coend (2)) exists for all X € C
(by [KLL Lemma 5.1.8]). By Section B3] we can then consider the central Hopf
monad Z = (Z, m, u, Zs, Zy) of C and its associated centralizer 0 = {Jx,y: XQY —
Y®Z(X)}xyec

Recall the natural transformation A” = {A}: a®Y — Y}yec from Lemma 2]
The universal factorization property for 0 gives that there is a unique morphism
A Z(a) — 1 in C such that A}, = (idy ® A,)0,y for all Y € C:

Lemma 3.2. The morphism A,: Z(a) — 1 is a nonzero right a-integral for Z.

Proof. Clearly A, # 0 since A" is nonzero (because A} = n ®e # 0). We need
to prove that (A, ® idz(1))Z2(a, 1) = uzA,. It follows from the universal factor-
ization property for 0 that this amounts to showing the equality of the natural
transformations | = {ly }yec and r = {ry }yec defined by

ly = (idy ® (Ar ®idz(1)) Z2(, 1)) 0,y and ry = (idy @ ugAr)da,y.

Note that the definitions of A, and Zs(a, 1) imply that ry = (idy ® uq)A} and
ly = ((idy ® Ap)da,y ®idy))(ida ® O1,y) = (A} @idz))(ida @ O1,y).
Then Ip = 0 = rp for any indecomposable projective object P non isomorphic

to Py (since A, = 0). Also
@)

lpo (&) 941)

n® ((e ®idz))01,p,) w n® 016 w (idp, ® ua)(n ®€) @ T Py-

Here (i) and (iv) follow from the equality A, = n ® ¢, (i) from the naturality
of 9, and (i4i) from the definition of uy. Consequently, using that any projective
object is a (finite) direct sum of indecomposable projective objects, we obtain that
Ilp = rp for all P € Proj. Finally we conclude that | = r by applying Lemma [B]
with the functors F = a® — and G = — ® Z(1). O

Since the central Hopf monad Z is the central Hopf comonad for the finite tensor
category C°P opposite to C, it follows from Lemma B2l and [Shl, Theorem 4.8] that
there is a unique a-cointegral A\: 1 — Z(«a) such that A\ =idy.

Lemma 3.3. For any X € C, (idx ® Ayma)0z(a),x (A ®@idx) = idx.

Proof. We have:

(idx ® Arma)dz(ay x (A @idx) 2 (idx ® ArmaZ(N)y.x

(i) i) i)

= (ldx ® AT/\Zo)aLX (: (ldx ® Zo)aﬂ_ﬁx (: idx.

Here (7) follows from the naturality of 9, (i7) from the fact that maZ(\) = AZ
(because A is an a-cointegral), (ii7) from the equality AA, = idy, and (iv) from the
definition of Zj. O

a2

Let P be a projective object and G be a projective generator of C. Set
ap = (idp ® évg ®idz())(idpge ® Oa,gv): PO GRa® G’ — P ® Z(w).
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Graphically,

eva

ap

Pl G| « GY
Lemma 3.4. ap is an epimorphism.

Proof. Since GV is a projective generator of C, the universal dinatural transforma-
tion iq,qv: Y(GY) ® a ® G¥ — Z(«a) is an epimorphism (by [KL, Corollary 5.1.8]).
Then bp = idp ® iq,gv is an epimorphism (since ® is exact because C is rigid).
Considering the isomorphism p¢ = (Vg ® idv(gvy)(idg ® coevgy): G — Y(GY), we
conclude that ap = bp(idp @ p¢ ® idagav) is an epimorphism. O

Since ap is an epimorphism (by Lemma [B4) and P is a projective object, the
morphism idp ® \: P — P ® Z(«) factors through ap, that is, idp ® A = apdp for
some morphism dp: P - PR G @ a® GV. Set

ch=(d®eévev)(dp ®@idgvw): PRGYY - PR G® a.

Graphically,

Here (i) follows from the definitions of ¢, and A,, (i7) from the definition of the
product m of Z, (ii) from the definition of ap, (iv) from the fact that apdp =
idp ® A, and (v) from Lemma
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3.5. Proof of Lemma 2.4. Since Hom¢(Fp,1) = ke, Home(1, Py) = kn, and
tp, (1) = 1, the definition of A* gives that A}, = ne. Using that ne = n®e = e®@n,
we get that A% = Ap = AlPO.

Let P be an indecomposable projective object non isomorphic to Py. Since
Hom¢(P,1) = 0 = Home(1, P), the definition of A* gives that A% = 0, and so we
get that A% = A%, = AL,

Since any projective object is a (finite) direct sum of indecomposable projective
objects, the above equalities together with the naturality At, A", A! implies that
AL = A%, = AL, for all P € Proj.

3.6. Chromatic maps in H-mod. We first prove that A defined in Example
is a non zero left cointegral of H. It follows from [Ral Proposition 10.6.2.] that the
set Lo, = {x € H|hxz = ag(h)x} is a one dimensional left ideal of H which is equal
to the set of right cointegrals of H. Since S™1(A) = in(1x) # 0 and in is H-linear,
L,, is generated by S~1(A) which is then a nonzero right cointegral. Consequently,
A = SS7Y(A) is a nonzero left cointegral.

Let us now prove that the k-linear homomorphism

o { “HeH — a®H®H
i e @y = MSWmy)r)an(Ye) @ yes) @ Y

from Example is a left chromatic map based at H for H. Notice first that cl;
is H-linear. Indeed, for any z,y,h € H,

®
CZI{ (h : (el ® y)) = Cl]{(eSQ(h(l))I ® h(?)y)

(i)
= M(S(h@ya))S*(hay)z) an(he)ye) © hayys) © he)ya)

(#9) A(S(S(hay)hyya))z) am(h@Eye) © hayye) @ he)ya)
(@) A(S(yy)z) e (hyy) © heyye) © by

2 an () A(S()e) an(ye) © haws) @ heya
)y, ch(ex ®y).

Here (i) follows from the definition of the monoidal product in H-mod, (ii) from
the definition of c}; and the multiplicativity of the coproduct of H, (iii) from
the anti-multiplicativity of S, (iv) from the axiom of the antipode, (v) from the
multiplicativity of ay, and (vi) from the definitions of cl; and of the monoidal
product in H-mod.

We next compute the natural transformation A!. For any finite dimensional
H-module M, consider the k-linear homomorphism

i\l . M@Oé - M
M=l mely — S7HA)-m.

Then /~\IM is H-linear. Indeed, for any h € H and m € M,
Riy(h- (m© 1)) L agr(h) S (Whay -m 2 er(hay) am(he) SHA) -m
W g (h) STHA) -m Y Y AS(R) m L hsTHA) m Y b AL (m @ 1),

where g is the counit of H. Here (i) follows from the definitions of A}, and of
the action of M ® a, (ii) from the fact that S™1(A) is a right cointegral of H, (iii)
from the counitality of the coproduct, (iv) from the property characterizing gy (see
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Example 2.3)), (v) from the anti-multiplicativity of S, and (vi) from the definition
of Ab,. Clearly, the family {A},} s is natural in M. Now for any h € H,

Abho 1) 2 s M) Y cpm)ine) 2 (ep @ in)(h © L)
Here (i) follows from the definition of Ak;, (i7) from the fact that S~'(A) is a right
cointegral and from the definition of A, and (iéi) from the definition of p. Thus,
using that pi = idp, and the naturality of A!, we obtain:

AIIDO = /VPU (pi ®idy) = pAL; (i @ idy) = epi @ pin = @ 1.

Also, for any indecomposable projective object P non isomorphic to Py, we have
AlP~: 0 since in the projective generator H, the image kS™1(A) = in(k) C i(P)
of Al; is isomorphic to the simple H-module «, and i(Pp) = P, is the only (up to
isomorphism) indecomposable projective H-module which has a submodule isomor-
phic to « (by uniqueness of the socle, see Section[23]). Consequently, the uniqueness
in Lemma 1] implies that A! = AL,

Pick a projective cover €: Py — k of the unit object and a monomorphism
7n: a — Py. Since the counit ey : H — k of H is an epimorphism, there exists an
epimorphism p: H — Py such that ey = ep. Let i: Py — H be a section of p in
H-mod and set A = S(in(1k)) € H. We prove in Section that A is a non zero
left cointegral. By [Ral, Theorem 10.2.2], there is a unique right integral A € H*
such that A(A) = 1.

We now prove that cl; is a left chromatic map. Let M be a finite dimensional
H-module. Pick any m € M andz € H. In M ® '"H ® a ® H ® H, we have:

(idM®vH®C§q)(idM(X)CoerH@idH)(m@:L') = m®A(S(z(1))_)®QH(z(2))®z(3)®:c(4)
Evaluating this vector under (idy; ® evy ® idH)(A§W®VH ®idygy) gives

an(z2) A(S(z) AyzeE) (ST (Aw) -m) @ 2
(i) _

= an(@() an (S(2)) AS*(@@)S(@ay) Aq)) (ST (Aw) -m) @z

(i1) _

= MS*(x(2))S (1)) Ay) (STHA2) - m) @ a3

(i)

=" enlza) MAq) (ST Aw) -m) @ z(2)
Y (T AAAe) m) @Y me.

Here (i) follows from the fact that A(ab) = agr (S(b(1)))A(S?(b2y)a) for all a,b € H
(see |Ral, Theorem 10.5.4]), (i) from multiplicativity of apy and the axiom of the
antipode, (ii7) from the axiom of the antipode, (iv) from the counitailty of the
coproduct, and (v) from the fact that A(A(1))A(2) = A(A)1g = 1. Consequently,

(idM ®eVH®idH)(A{M®vH®idH®H)(idM®vH®Ciq)(idM ®CoerH®idH) =idysH,

that is, ci; is a left chromatic map based at H for H.

Finally, the expression for c%; is derived from that of ct; by noticing that for any
projective generator G and projective object P in H-mod, a right chromatic map
based at P for G in H-mod is a left chromatic map at P for G in (H-mod)®°P, that
is, in (H®°P)-mod, where HP is H with opposite coproduct (for which S¢°P = S~
AP = A, \°P = \S| and apeor = agy).
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