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The doubles of a braided Hopf algebra
Alain Bruguieres and Alexis Virelizier

ABSTRACT. Let A be a Hopf algebra in a braided rigid category B. In the case
B admits a coend C, which is a Hopf algebra in B, we defined in 2008 the double
D(A) = A®Q VA ® C of A, which is a quasitriangular Hopf algebra in B whose
category of modules is isomorphic to the center of the category of A- modules
as a braided category. Here, quasitriangular means endowed with an R-matrix
(our notion of R-matrix for a Hopf algebra in B involves the coend C of B).
In general, i.e. when B does not necessarily admit a coend, we construct a
quasitriangular Hopf monad d4 on the center Z(B) of B whose category of
modules is isomorphic to the center of the category of A- modules as a braided
category. As an endofunctor of Z(B), d4 it is given by X = X ® A® VA. We
prove that the Hopf monad d4 may not be representable by a Hopf algebra. If
B has a coend C, then D(A) is the cross product of the Hopf monad d4 by C.
Equivalently, d4 is the cross quotient of D(A) by C.
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Introduction

The notion of Hopf algebra extends naturally to the context of braided cate-
gories. Hopf algebras in braided categories, also called braided Hopf algebras, have
been studied by many authors and it has been shown that several aspects of the
theory of Hopf algebras can be extended to this setting. This paper is devoted to
the study of the double of a braided Hopf algebra.
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Let A be a Hopf algebra in a braided rigid category B. Assume first that B
admits a coend C. Then C is a Hopf algebra in B such that the center Z(B) of B
is isomorphic to the category of right C-modules in B:

Z(B) ~ Be.
In [BV2], we defined the notion of an R-matrix for A, which is a morphism
tuCC—-ARA

satisfying certain axioms generalizing those of Drinfeld. These R-matrixes are in
one-to-one correspondence with braidings on the category of A-modules. This
notion of R-matrix is different from that previously introduced by Majid in [MaZ2],
which did not involve the coend, and did not have this property. We also defined
the double D(A) of A. As an object, D(A) = A® YA ® C, where YA is the left
dual of A. The double D(A) is a Hopf algebra in B which is quasitriangular (i.e.,
endowed with an R-matrix) and whose category of modules is isomorphic to the
categorical center of the category of right A- modules in B as a braided category:

Z(BA) ~ BD(A)~

What happens when B does not necessarily admit a coend? There is a canonical
strict monoidal functor U: Z(B4) — Z(B) from the center of the category of right
A-modules to the center Z(B) of B. We prove that this functor is monadic. As an
endofunctor of Z(B), the associated monad d4 is given by X — X ® A ® YA. The
monad d4 is a quasitriangular Hopf monad (described explicitly) whose category
of modules is isomorphic to the center of the category of A- modules as a braided
category:

Z(Ba) ~ Z(B).
Recall that Hopf monads, which were introduced in [BV1] and further studied in
[BLV], are algebraic objects which generalize Hopf algebras in braided categories
to the setting of monoidal categories. We call d4 the central double of A.

The central double d4 of A is not in general representable by a Hopf algebra,
and so Z(B4) cannot be described as a category of modules over some Hopf algebra
in Z(B). To prove this, we show that the center of the category of A-modules can
be described as a category of Yetter-Drinfeld modules for A, viewed as a Hopf
algebra in Z(B). (Actually for this result B needs not be braided, if we assume
that A is a Hopf algebra in the center of B).

When B has a coend C, what is the relationship between the double D(A)
and the central double d4 of A? Recall that the notions of cross-product and
cross-quotient of Hopf monads were introduced in [BV2] and [BLV] respectively.
Viewing the Hopf algebras D(A) and C' as Hopf monads, we prove that D(A) is
the cross product of d4 by C and so that d4 is the cross quotient of D(A) by C:

D(A)=dsxC and ds=D(A)+C.

Note that this is an illustration of the fact the cross-quotient of two Hopf monads
representable by Hopf algebras is not always representable by a Hopf algebra.
This paper is organized as follows. In Section 1, we review several facts about
monoidal categories, braided categories, the center construction, and coends. In
Section 2, we recall the definition of R-matrices and the construction of the double
of a braided Hopf algebra from [BV2]. Using Yetter-Drinfeld modules, we prove
that the center of category of modules may not be a category of modules over a Hopf
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algebra in the center. In Section 3, we recall the definition and some properties
of Hopf monads. Section 4 is devoted to the construction of the central double of
a braided Hopf algebra. Finally, in Section 5, we study the relationship between
the double and the central double of a braided Hopf algebra via cross-product and
cross-quotient of Hopf monads.

1. Preliminaries on categories

1.1. Monoidal categories and monoidal functors. Given an object X of
a monoidal category C, we denote by X®7 the endofunctor of C defined on objects
by Y —» X ® Y and on morphisms by f — idx ® f. Similarly one defines the
endofunctor 7 ® X of C.

Let (C,®,1) and (D,®,1) be two monoidal categories. A monoidal functor
from C to D is a triple (F, Fy, Fy), where F': C — D is a functor, F: FQ F — F®
is a natural transformation, and Fy: 1 — F(1) is a morphism in D, such that:

F(X,Y © Z)(idpx) @ F2(Y, Z)) = Fo(X @Y, Z)(F2(X,Y) @ idp(z));
Fy(X,1)(idpx) ® Fo) = idpx) = F2(1, X)(Fo @ idp(x));
for all objects X,Y, Z of C.
A monoidal functor (F, Fy, Fp) is said to be strong (resp. strict) if Fy and Fy
are isomorphisms (resp. identities).

A natural transformation ¢: F' — G between monoidal functors is monoidal if
it satisfies:

(pX®yF2(X,Y) = GQ(X,Y)(QOX X QDY) and GO = (p]]_FO.

1.2. Graphical conventions. We represent morphisms in a category by dia-
grams to be read from bottom to top. Thus we draw the identity idx of an object
X, a morphism f: X — Y, and its composition with a morphism ¢g: ¥ — Z as
follows:

Z
X Y
g
idX:‘7 f=7 and gf =,
X X

X
In a monoidal category, we represent the monoidal product of two morphisms

f: X =Y and g: U — V by juxtaposition:

Y Vv
X U
1.3. Duals and rigid categories. Let C be a monoidal category. Recall that
a left dual of an object X of C is an object VX of C endowed with morphisms
evy: "X ® X — 1 (the left evaluation) and coevx: 1 — X @ VX (the left coevalu-
ation) such that
(evx ®idvy)(idvy ® coevy) =idvy and (idx ® evx)(coevy ®idyx) =idx.
Likewise, a right dual of an object X of C is an object XV of C endowed with

morphisms évyx: X ® XV — 1 (the right evaluation) and coevx: 1 — XV @ X (the
right coevaluation) such that

(&/X®idx)(idx®c/(_)\e/\lx):idx and (idxv®&X)(C6\ax®idxv):idxv.
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Left and right duals, if they exist, are unique up to unique isomorphisms preserving
the evaluation and coevaluation morphisms.

A rigid category is a monoidal category where every objects admits both a left
dual and a right dual. The duality morphisms of a rigid category are depicted as:
evy = m , coevy :XQX, evyx = m , and coevy = )Cj{

VX X X XV

1.4. Braided categories. A braiding of a monoidal category B is a natural
isomorphism 7 = {7xy: X ® Y - Y ® X} x yep such that

Txyvez = (dy @ 7x,z)(7x,y ®idz) and 7xgyv,z = (Tx,z ®idy)(idx ® 7v.z)

for all X,Y,Z € Ob(B). These conditions imply that 7x 1 = 7 x = idx.
A braided category is a monoidal category endowed with a braiding.
The braiding 7 of a braided category, and its inverse, are depicted as

Yy X Yy X

-1
TX’Y:K and TY,X:X'
X Y X Y

If B is a braided category with braiding 7, then the mirror of B is the braided
category which coincides with B as a monoidal category and equipped with the
braiding 7 defined by Tx,y = T;;,

1.5. The center of a monoidal category. Let C be a monoidal category.
A half braiding of C is a pair (A, o), where A is an object of C and
oc={ox: A® X - X ®A}xec
is a natural isomorphism such that
(1.1) oxgy = (ldx ® oy)(ox ®@idy)

for all X, Y € Ob(C). This implies that o3 = id4.

The center of C is the braided category Z(C) defined as follows. The objects
of Z(C) are half braidings of C. A morphism (4, 0) — (A4’,0’) in Z(C) is a morphism
f+A— A’ in C such that (idx ® f)ox = o’y (f ® idx) for any object X of C. The
unit object of Z(C) is 1z(¢) = (1, {idx } xec) and the monoidal product is

(A,0) ® (B,p) = (A® B, (0 ®idp)(ida ® p)).
The braiding 7 in Z(C) is defined by
T(A,0),(B,p) = O0B*: (A7 U) ® (Ba p) - (Ba p) ® (Aa U)'

If C is rigid, then so is Z(C).

The forgetful functor U: Z(C) — C, (A, o) — A, is strict monoidal.

If B is a braided category, then its braiding 7 defines a fully faithful braided
functor

B = Z(B)
{ X = (XaTX,*)

which is a monoidal section of the forgetful functor Z(B) — B.
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1.6. Coends. Let C and D be categories. A dinatural transformation from a
functor F': D°P? x D — C to an object A of C is a family of morphisms in C

d= {dy: F(Y, Y) — A}YG’D
such that for every morphism f: X — Y in D, we have
dxF(f, ldx) = dyF(idy, f) F(Y,X) — A.

A coend of F is a pair (C, p) consisting in an object C' of C and a dinatural trans-
formation p from F' to C satisfying the following universality condition: for each
dinatural transformation d from F to an object ¢ of C, there exists a unique mor-
phism d : C — ¢ such that dy = dpy for any Y in D. Thus if F has a coend (C,p),
then it is unique up to unique isomorphism. One writes C' = [ YeP p (Y,Y). For
more details on coends, see [McL].

2. Hopf algebras in braided categories

2.1. Hopf algebras. Let C be a monoidal category. Recall that an algebra in
C is an object A of C endowed with morphisms m: A ® A — A (the product) and
u: 1 — A (the unit) such that
m(m®ida) =m(ida ®m) and m(ida @ u) =ida = m(u®ida).

A coalgebra in C is an object C of C endowed with morphisms A: C — C® C (the
coproduct) and €: C'— 1 (the counit) such that

(A®ide)A = (ide ® A)A and  (ide ® €)A = ide = (¢ ® ide)A.

Let B be a braided category, with braiding 7. A bialgebra in B is an object
A of B endowed with an algebra structure (in B) and a coalgebra structure (in B)
such that its coproduct A and counit e are algebra morphisms (or equivalently,
such that it product m and unit u are coalgebra morphisms), that is,

Am=(m@m)(ida @ 74,4 ®ida)(A R A), Au=u®u,
Em=cQ®e, eu = idy.
An antipode for a bialgebra A is a morphism S: A — A in B such that
m(S ®idg)A = ue = m(ida ® S)A.

If it exists, an antipode is unique. A Hopf algebra in B is a bialgebra in B which
admits an invertible antipode.
Given a Hopf algebra A in a braided category, we depict its product m, unit u,
coproduct A, counit €, antipode S, and S~ as follows:
A
K

A M A A A
R S =] s=b 54
A A A 4 A A

REMARK 2.1. Let A be a bialgebra in a braided category B. Then A is a Hopf
algebra if and only if its left left fusion operator
A A

H, = (ida @ m)(A ®id4) = m:A®A—>A®A

A A
and its right fusion operator
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A A
Hy = (m®ida)(ida ® 74.4)(A ® id4) CX CARAA®A
A A

are invertible. If such is the case, the inverses of the fusion operators and the
antipode S of A and its inverse are related by

A A
A A A A

2.2. Modules in categories. Let (A, m,u) be an algebra in a monoidal cat-
egory C. A left A-module (in C) is a pair (M, r), where M is an object of C and
r: A® M — M is a morphism in C, such that

r(m®idy) =r(ida®r) and r(u®idy) =idy.

An A- linear morphism between two left A- modules (M, r) and (N, s) is a morphism
f: M — N such that fr = s(ida ® f). Hence the category 4C of left A- modules.
Likewise, one defines the category C4 of right A-modules.

Let A be a bialgebra in a braided category B. Then the category 48 is monoidal,
with unit object (1,e) and monoidal product

(M,r)® (N,s) = (r®s)(ida ® 74, ®idn)(A @ idypen),

where A and € are the coproduct and counit of A, and 7 is the braiding of B.
Likewise the category B4 is monoidal, with unit object (1, ) and monoidal product:

(M, 7’) ® (N, S) = (7’ ® S)(idM R TN,AR idA)(A ®idM®N).

Assume B is rigid. Then 4B is rigid if and only if B4 is rigid, if and only if A
is a Hopf algebra. If A is a Hopf algebra, with antipode S, then the duals of a left
A-module (M, r) are:

Y(M,r) = (YM, (evar @ idvay) (idvar @ (S @ idar) @ idvar) (Tavar @ coevar)),

(M,r)" = (MY, (idyv ® 6var)(idarv @ 77y @ idagv ) (coevay @ ST @ idarv)),
and the duals of a right A-module (M, r) are:

V(M, r)= (VM, (evyr ®idvpr)(idvpys ® ’I“TA}%A ®idvyr)(idvyr ® STt ® coevM))7

(M, r)" = (MY, (idryv @ 6var)(idarv @ r(idar ® S) @ idarv ) (Coevar @ Tarv,a)).

REMARK 2.2. Let A be a Hopf algebra in a braided category B, with braiding 7.
The functor Fa: aB — Ba, defined by Fa(M,r) = (M, r7ara(idy ® S)) and
F4(f) = f, gives rise to a strong monoidal isomorphism of categories:

Fa= (FA,T,]l): (AB)®OP — By.

Therefore braidings on 4B are in bijection with braidings on B4. More precisely,
if ¢ is a braiding on B4, then:

/ — —1
C(M,r),(N,s) = TM,N CFs(N,s),Fa(M,r) TN, M

is a braiding on 4B (making F4 braided), and the correspondence ¢ — ¢ is bijective.
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2.3. The coend of a braided rigid category. Let B be braided rigid cate-

gory. The coend
YeB
C = / Y ®Y,

if it exists, is called the coend of B.

Assume B has a coend C' and denote by iy: 'Y ® Y — C the corresponding
universal dinatural transformation. The universal coaction of C on the objects of B
is the natural transformation § defined by

Y C
0y = (idy ®iy)(coevy ®idy): Y =Y ® C, depicted as dy =
Y

As shown by Majid [Mal], C' is a Hopf algebra in B. Its coproduct A, product m,
counit &, unit u, and antipode S with inverse S~! are characterized by the following
equalities, where X,Y € B:

Yy ¢ C Yy C % % X vy ¢ XYy C
= ? = ) = )
Y Y Y Y X v
Yy ¢ Yy ¢
-1
u = 0q, S =
Y Y

Furthermore, the morphism w: C' ® C' — 1 defined by

X Y X v
X
~
X Y X v
is a Hopf pairing for C, called the canonical pairing. This means that

w(m®idc) :w(idc®w®idc)(idc®2 ®A), w(u®idc) =g,
w(idc®m) Zw(idc®w®idc)(A®idC®2), w(idc®u) = €.

These axioms imply: w(S ®id¢) = w(ide ® S). Moreover the canonical pairing w
satisfies the self-duality condition: wre (S ® S) = w.

In the following, the structural morphisms of C' are drawn in grey and the Hopf
pairing w: C ® C' — 1 is depicted as:

w= .
Cc C

REMARK 2.3. The category B is symmetric if and only if w = € ® €. Such is
the case if C = 1.
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REMARK 2.4. The universal coaction of the coend on itself can be expressed in
terms of its Hopf algebra structure as follows:

[ee [ee
602. =
c C

REMARK 2.5. The coend C has a canonical half braiding o = {ox } xec¢ defined
by

oc = \\ CRX > X®C.

Then (C, o), endowed with the coproduct and counit of C, is a coalgebra in Z(C)
which is cocommutative. Indeed its coproduct A¢ satisfies ccAc = Ag.

2.4. R-matrices: Majid’s approach. Let A be a Hopf algebra in braided
category B, with braiding 7. In [Ma2], by extending Drinfeld’s axioms, Majid
defined an R-matrix for A to be a convolution-invertible morphism t: 1 — A ® A
satisfying

A A A A n
\

Here t convolution-invertible means that there exists a (necessarily unique) mor-
phism t': 1 —+ A ® A such that

A A A A
A A
o4

Note that if B is rigid, then t is convolution-invertible if and only if it satisfies

514

Majid noticed that such a morphism t does not define a braiding on the category
B4 of A-modules braided, but only on the full subcategory O 4 of B4 whose objects
are right A-modules (M, r) such that

A M

'
[
M A

M A
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This braiding on Q4 is given by

C(M,r),(N,s) =

Note that in general O4 # B4, and equality occurs only when the Hopf algebra A
Is transparent, that is, 74, x =7x 4 for any object X of B.

2.5. R-matrices revisited. Recall that a key feature of R-matrices for Hopf
algebras over a field is the following (see [Dri)): if H is finite-dimensional Hopf alge-
bra H over a field k, then R-matrices for H are in natural bijection with braidings
on the category of finite-dimensional H-modules. As noted above, this bijective
correspondence is lost with Majid’s definition.

In [BV2], using the theories of Hopf monads and coends, we extended the
notion of an R-matrix to a Hopf algebra A in braided rigid category admitting a
coend, so as to preserve this bijective correspondence.

Let B be a braided rigid category admitting a coend C, and A be a Hopf algebra
in B. An R-matriz for A is a morphism

t:O0RC—-ARA

in B, which satisfies

A A A A A A A A A A A A A A A A
(L \
\
= \7 : ) ; : s
NS
C C A cC C A C CC cC CcC cC CC cC CcC

A A A
® (L O
- ° - .
C C C
Note that for finite-dimensional Hopf algebras over a field k, our definition of

an R-matrix coincides with Drinfeld’s definition, as in that case C' = k.

THEOREM 2.6 ([BV2, Section 8.6]). Any R-matriz ¢ for A defines a braiding ¢
on Ba as follows: for right A-modules (M,r), (N, s),

C(M,r),(N,s) =
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Furthermore, the map v — c is a bijection between R-matrices for A and braidings
on Ba

REMARK 2.7. R-matrices also encode braiding on the category 4B of left A-
modules. Indeed, since braidings on 48 are in bijective correspondence with braid-
ings on B4 (see Remark 2.2), an R-matrix v for A defines a braiding ¢’ on 4B as
follows: for left A-modules (M, r), (N, s),

M) (N,s) = ®

M N
Furthermore, the map t — ¢’ is a bijection between R-matrices for A and braidings
on 4B.

2.6. Quasitriangular Hopf algebras. Let B be a braided rigid category
admitting a coend. A quasitriangular Hopf algebra in B is a Hopf algebra in B
endowed with an R-matrix.

By Theorem 2.6 and Remark 2.7, if A is a quasitriangular Hopf algebra in B,
then the rigid categories B4 and 4B are braided.

REMARK 2.8. If A is a quasitriangular Hopf algebra in 5, then 48 and B4 are
isomorphic as braided categories. Indeed, the monoidal functor (1,5, ¢ ,idy): 4B®P —
AB is a braided isomorphism (where ¢’ is the braiding of 48), and by construction
the monoidal isomorphism Fly : (AB)®OP — B4 of Remark 2.2 is braided.

ExXAMPLE 2.9. The coend C of B is a quasitriangular Hopf algebra in B with

R-matrix
C C

T = s

[ee

and so the category Be of right C-modules is braided. For any right C-module
(M,r) and any C-linear morphism f, set I(M,r) = (M, o) and I(f) = f with

X M
\

ox = .
\

M X

This defines a functor I: Bc — Z(B) which is a braided strict monoidal isomor-
phism.

2.7. The double of a Hopf algebra. Let B be a braided rigid category
admitting a coend C, and let A be a Hopf algebra in B. Set
DA =ARYA®C
and define the product mp(a), the unit up(4), the coproduct Ap(a), the counit
€p(A), the antipode Sp(4), and the R-matrix tp4) as in Figure 1.
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A YA C

Apay = ;
A VA C
AVA C
UpA)y = @ ) EDA) = T )
AVA C
A YA C

A YA C AYA C

Spay = , tpa) = U

A VA C cc

FIGURE 1. Structural morphisms of the double D(A) of A

THEOREM 2.10 ([BV2, Theorem 8.13]). In the above notation, D(A) = A ®
VA ® C is a quasitriangular Hopf algebra in B, and we have the following isomor-
phisms of braided categories:

Z(BA) ~ BD(A) ~ D(A)B =~ Z(AB)

REMARK 2.11. When B = vecty is the category of finite-dimensional vector
spaces over a field k, whose coend is k, we recover the usual Drinfeld double and
the interpretation of its category of modules in terms of the center. More precisely,
let H be a finite-dimensional Hopf algebra over k and (e;) be a basis of H with
dual basis (e?). Then D(H) = H ® (H*)°P is a quasitriangular Hopf algebra over
k, with R-matrix v =), e; ® ¢ ® 1y ® e;, such that

Z((vecti)m) = (vect) p(a)y = ppry(vecti) = Z(y(vecty))
as braided categories.

REMARK 2.12. The coend C is nothing but the quasitriangular Hopf algebra
D(1) (see Example 2.9).
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2.8. Yetter-Drinfeld modules. Let A be a bialgebra in a braided category B
with braiding 7. A (left-left) Yetter-Drinfeld module of A in B is a an object M of B
endowed with a left A-action r: A® X — M and a left A-coaction §: A X — M,
such that

A M A M

These Yetter-Drinfeld modules are the objects of a category ﬁyD(B), whose mor-
phisms are morphisms in B which are A-linear and A-colinear. This is a braided
category. Its monoidal product is (M, r,d) @ (M',r',0") = (M @ M’',r",§") where

A M M

M M’

its monoidal unit is (1,e,u) where u and € are the unit and counit of A, and its
braiding is

C(M,r,8), (M r',8') =

M M

Now let C be a monoidal category, and let A = (A,o) be a bialgebra in the
center Z(C) of C. The half braiding o defines on the category 4C of left A-modules
a monoidal structure, with monoidal product (M,r) ® (N,s) = (M ® N,w) where

M N

A M N

and monoidal unit (1,e) where € is the counit of A. We denote this monoidal
category by 5C. Note that if A is a bialgebra in a braided category B with braiding 7,
then A = (A, 74,_) is a Hopf algebra in Z(B) and 4B = ,B as monoidal categories.

PRrROPOSITION 2.13. Let C be a monoidal category and let A be a Hopf algebra
in the center Z(C) of C. The assignment

MD(Z(C) = Z(:0)
((M, o), 5) — ((M,r),’y)
f = f
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where
N M

VN = "N] )
9]

M N

is a braided strict monoidal isomorphism.

PRrOOF. This is proved by direct computation, the inverse functor being given
by 0x = V(X,eidy) and § = 'y(A,m)(idM ® u) where m, u, and ¢ are the product,
unit, and counit of A. The invertibility of ~ results from the existence of the
antipode of A. O

REMARK 2.14. The isomorphism of Proposition 2.13 still holds for bialgebras
replacing centers with lax centers.

REMARK 2.15. Let A be a Hopf algebra in a braided category B with braiding 7.
As seen above, A = (A, 74,_) is a Hopf algebra in Z(B). Applying Proposition 2.13,
we see that 2YD(Z(B)) ~ Z(4B) as braided categories.

2.9. A non-representability result. In Section 2.7, we have seen that, given
a Hopf algebra A in a braided rigid category B admitting a coend, the center
of the category of A-modules can be described as the category of modules of a
(quasitriangular) Hopf algebra in B.

In this section, we give an example of a Hopf algebra A in a braided category
BB such that the center of the category of A-modules is not a category of modules
of the form g Z(B) for any Hopf algebra B in Z(B) nor in the center of Z(B).

Let n > 2 be an integer and denote by B,, the category of finite dimensional
(Z/nZ)-graded k-vector spaces, where k is a field containing a primitive n*® root
of unity ¢q. Then B,, is a braided rigid category with braiding 7 defined as follows:
for U,V in B,, and homogeneous u € U, v € V,

oy (u@v) = ¢y @u.

Consider the algebra A, = k[X]/(X™) as an object of B, with the graduation
given by the polynomial degree. By [BKLT, Example 3.1], A,, is an Hopf algebra
in B,,. It is generated by the class z of X. Its counit, coproduct, and antipode are
given by (™) = 0pm,o0,
A(z™) = Z (7:) * @™k and  S(a™) = (—1)mgmmTb/2gm,
k=0 q
Let U: Z( 4, Brn) = Z(By) be the functor defined on objects by
U((M,r),7) = (M0 ={ov =Yu,dvee) tues,)

and on morphisms by U(f) = f.

PROPOSITION 2.16. The functor U: Z(4,Bn) — Z(By) is not essentially sur-
jective.
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PROOF. Set A, = (A, Ta,,—). By Remark 2.15, it is enough to show that the
forgetful functor

M YD(Z(B)) — Z(By)

is not essentially surjective. Let x be a non-trivial character of Z/nZ. For U € B,
define oy: U — U by o(u) = x(|u|])u for homogeneous u € U. Then k, =
(k,o) is an object of Z(B,). Assume there exists a Yetter-Drinfeld module M =
((M, p),r,d) over A, such that F'(M) is isomorphic to k,. Without loss of generality,
we assume that (M, p) = k,. Now all A,,- actions or coactions on k are trivial, that
is, r = e ®idg and § = u ® idx where u and e are the unit and counit of A,.
Indeed, this follows the fact the degree 0 part of A, is k. Now the Yetter-Drinfeld
compatibility axiom implies that o4, = ida,. Hence oy = idy for any U € B,
because A,, generates B,,. This contradicts the fact that y is non-trivial, and proves
the proposition. O

COROLLARY 2.17. There exists no pair (B, F), where B is a Hopf algebra in
Z(By) or its center Z(Z(By)), and F: gZ(Bn) — Z(a,B,) is monoidal equiva-
lence, such that the diagram

commutes up to monoidal natural isomorphism, where U is the forgetful functor.

PROOF. Observe that if B is a Hopf algebra in the center of a monoidal cate-
gory C, then the forgetful functor gC — C admits a strict monoidal section given by
X — (X,e®idy), where € is the counit of B, and it is therefore essentially surjective.
This general fact together with Proposition 2.16 proves the corollary. O

3. Hopf monads

In this section we recall the definition of Hopf monads, and we list several
results. See [BV1, BLV] for a detailed treatment.

3.1. Comonoidal functors. Let (C,®,1) and (D, ®, 1) be two monoidal cat-
egories. A comonoidal functor (also called opmonoidal functor) from C to D is a
triple (F, Fz, Fp), where F: C — D is a functor, Fy: F® — F ® F is a natural
transformation, and Fy: F(1) — 1 is a morphism in D, such that:

(idpx) ® Fa(Y, 2))Fa(X,Y @ Z) = (Fa(X,Y) ® idp(z) ) Fa( X @Y, Z);
(idF(X) ® FO)FQ(X7 1) = idF(X) = (FO &® idF(X))FQ(]l, X);
for all objects X,Y, Z of C.
A comonoidal functor (F, Fy, Fy) is said to be strong (resp. strict) if F5 and Fy
are isomorphisms (resp. identities). In that case, (F,Fy ', F; ') is a strong (resp.
strict) monoidal functor.

A natural transformation ¢: F' — G between comonoidal functors is comonoidal
if it satisfies:

G2(X,Y)poxey = (px @ py)F2(X,Y) and Gops = Fo.
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Note that the notions of comonoidal functor and comonoidal natural transfor-
mation are dual to the notions of monoidal functor and monoidal natural transfor-
mation (see Section 1.1).

3.2. Hopf monads and their modules. Let C be a category. A monad on C
is a monoid in the category of endofunctors of C, that is, a triple (7', u, ) consisting
of a functor T': C — C and two natural transformations

p={px: T*(X) = T(X)}xec and n={nx: X = T(X)}xec
called the product and the unit of T, such that for any object X of C,

pxT(px) = pxprx) and  pxnrx) =idrx) = pxT(x).
Given a monad T = (T, u,n) on C, a T-module in C is a pair (M, r) where M is
an object of C and r: T(M) — M is a morphism in C such that rT'(r) = runm
and rny; = idps. A morphism from a T-module (M, r) to a T-module (N, s) is a
morphism f: M — N in C such that fr = sT(f). This defines the category CT
of T-modules in C with composition induced by that in C. We define a forgetful
functor Ur: CT — C by Ur(M,r) = M and Ur(f) = f.

Let C be a monoidal category. A bimonad on C is a monoid in the category
of comonoidal endofunctors of C. In other words, a bimonad on C is a monad
(T, p,n) on C such that the functor T: C — C and the natural transformations u
and 7 are comonoidal, that is, T' comes equipped with a natural transformation
T ={(X,Y): T(X®Y) > T(X)®T(Y)}x yec and a morphism Ty: T'(1) — 1
such that

(idrx) @ To(Y, 2))To(X,Y @ Z) = (To(X,Y) @ idrz)) T2(X @Y, Z);
(idrx) ® To)To(X, 1) = idp(x) = (To ® idp(x))T2(1, X);
Ta(X. V)i = (nx @ oy ) Ta(T(X), T(Y )T (Ta(X, V)
(X, Y)nxegy = nx @0y
For any bimonad 7" on C, the category of T-modules C? has a monoidal structure
with unit object (1,7p) and with tensor product

(M,7)® (N,s) = (M ®N, (r®s)T2(M,N)).
Note that the forgetful functor Ur: CT — C is strict monoidal.

A quasitriangular bimonad on C is a bimonad T on C equipped with an R-ma-
trix, that is, a natural transformation

R={Rxy: XQY =>TY)®T(X)}xyvec
satisfying appropriate axioms which ensure that the natural transformation 7 =
{T(,m),(N,8) (), (N, s)ecr defined by
Tty (N.s) = (s @) Ry v s (M) © (N, 5) = (N, 5) @ (M, )

form a braiding in the category CT of T-modules, see [BV1].
Given a bimonad (T, i, ) on C and objects X,Y € C, one defines the left fusion
operator

Hyy = (T(X) @ py) (X, T(Y)): TX ®T(Y)) = T(X) @ T(Y)
and the right fusion operator

Hyy = (ux @ T(Y))To(T(X),Y): T(T(X)®Y) = T(X) @ T(Y).



16 A. BRUGUIERES AND A. VIRELIZIER

A Hopf monad on C is a bimonad on C whose left and right fusion operators are
isomorphisms for all objects X, Y of C. When C is a rigid category, a bimonad T
on C is a Hopf monad if and only if the category CT is rigid. The structure of a
rigid category in C can then be encoded in terms of natural transformations

st={s\: T("T(X)) = YX}xec and s" = {s%: T(T(X)V) = XV} xec

called the left and right antipodes. They are computed from the fusion operators:

shy = (ToT(eVT(X))(J%T()(),)()_1 ® Vnx) (idpr(x)) ® coevr(x));

sy = (n)v( ® TOT(&IT(X))(H;(’T(X)V)_l) (CBEVT(X) ® idT(T(X)\/)).
The left and right duals of any T-module (M, r) are then defined by

Y(M,r) = (YM, s, T(Vr) and (M,r)Y = (MY, sh,T(r").

3.3. Centralizers. Let T be a Hopf monad on a rigid category C. We say
that T is centralizable if, for any object X of C, the coend

Zr(X) = /Yec TY)® XY

exists (see [BV2]). In that case, the assignment X — Zp(X) is a Hopf monad
on C, called the centralizer of T and denoted by Zp. In particular, we say that C is
centralizable if the identity functor id¢ is centralizable. In that case, its centralizer
Z = 7y, is aquasitriangular Hopf monad on C, called the centralizer of C. Moreover,
there is a canonical isomorphism of braided categories Z(C) ~ CZ, see [BV2].

3.4. Hopf algebras of the center define Hopf monads. Let C be a
monoidal category. Any bialgebra A = (A, o) of the center Z(C) of C gives rise
to a bimonad on C, denoted by A®,7. It is defined by A®7 as a functor, with the
monad structure defined by

A X A X
,uX=m®X=/J\ ‘ and nX=u®X:J>‘,
AAX X

where m and u are the product and unit of A, and endowed with the comonoidal
structure:
A X AY

(A®,7)2(X,Y) = (ARox) (AR X)®Y =

’ (A®O'?)O =& = Ta
A
A X Y

where A and e denote the coproduct and counit of (A, o).
The monoidal category CA®+" is the monoidal category oC encountered in Sec-
tion 2.8.
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Let (A, o) be a bialgebra of Z(C). The left and right fusion operators of the
bimonad A®,? are

A X A
Hiy =(AXom)(ARox @ A)(ARX @A) RY = ,
A X A Y
A X A Y
H}}’Y(m®X®A)(A®oA®X)(A®A®X)®Y

A A X Y

So, by Remark 2.1, the bimonad A®,? is a Hopf monad if and only if (A4,0) is a
Hopf algebra.

3.5. Characterization of Hopf monads representable by Hopf alge-
bras. Let C be a monoidal category. A Hopf monad morphism f: T — T’ between
two Hopf monads (7, u,n) and (T7, 1/, n’) on C is a comonoidal natural transforma-
tion f = {fx: T(X)—= T'(X)}xec such that, for any X € Ob(C),

fxpx = pwxfrxT(fx) and  fxnx =nk.

Let C be a monoidal category. A Hopf monad T on C is augmented if it is
endowed with an augmentation, that is, a Hopf monad morphism e: T — 1¢.

Augmented Hopf monads on C form a category HopfMon(C)/1¢, whose objects
are augmented Hopf monads on C, and morphisms between two augmented Hopf
monads (T, e) and (T”,¢’) are morphisms of Hopf monads f: T — T’ such that
ef=e.

If (A,0) is a Hopf algebra of the center Z(C) of C, the Hopf monad A®,? is
augmented, with augmentation e = e®?: A®,? — 1¢, where ¢ is the counit of
(A,0). Hence a functor

R HopfAlg(Z(C)) — HopfMon(C)/1¢
' { (A, 0) — (A®,7?,e®7)

THEOREM 3.1 ([BLV, Theorem 5.7]). The functor R is an equivalence of cat-
egories.

In other words, Hopf monads representable by Hopf algebras of the center are
nothing but augmented Hopf monads. Not all Hopf monads are of this kind:

REMARK 3.2. Let C be a centralizable rigid category, and let Z be its central-
izer, which is a quasitriangular Hopf monad on C, see Section 3.3. Then augmen-
tations of Z are in one-to-one correspondence with braidings on C. In particular if
C is not braided, then Z is not representable by a Hopf algebra of the center of C.
For example, let C = G- vect be the category of finite-dimensional G- graded vector
spaces over a field k for some finite group G. It is centralizable, and its centralizer
is representable by a Hopf algebra of the center of C if and only if G is abelian
(see [BV2, Remark 9.2]).

Hopf monads on a braided category B which are representable by Hopf algebras
in B can also be characterized as follows:
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COROLLARY 3.3 ([BLV, Corollary5.9]). Let T' be a Hopf monad on a braided
category B. Then T is isomorphic to the Hopf monad A®? for some Hopf algebra
A in B if and only if it is endowed with an augmentation e: T — 1¢ compatible
with the braiding T of B in the following sense: for any object X of B,

(ex @ T1)T5(X,1) = (ex @ T1)mr1,7xT2(1, X).

4. The central double of a Hopf algebra

Let A be a Hopf algebra in a braided rigid category B. Remark that any object
X of B has a trivial right A-action given by idx ® e: X ® A — X, where ¢ is the
counit of A. This defines a functor

U: Z(Ba) — Z(B),
by setting U((M,r),v) = (M,0 = {o0x = V(x,idx®e) } xeB) on objects and U(f) = f
on morphisms. Then U is a strict monoidal functor. In this section, we prove that
U is monadic and we explicit its associated quasitriangular Hopf monad.
For any object (M, o) of Z(B), set
X M AVA

dA(M,O') = (M@A@VA,';:{';X}XGB) with ¢x = X //
{1
M AVA X
For any morphism f in Z(B), set da(f) = f ® idagva. Then da is clearly an
endofunctor of Z(B).

THEOREM 4.1. The endofunctor d is a quasitriangular Hopf monad on Z(B),
with product p, unit n, comonoidal structure, and R-matrix R given in Figure 2.
Furthermore the functor

Z(B)a = Z(Ba)
U { ((M,0),p) — ((M,r),)
f = f
where
M
r = 5 and )
M N

M N
is a braided strict monoidal isomorphism, with inverse given by

M
\4
N M ‘ ‘ A A

I I V(ARVA,«)
U  where o =

Ox = |Y(X,idx®e)

l l

M N

AVA A
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M A VA

WMoy =

M A VA A VA

M A VYA N A VA

M N A VA

(dA)2 ((M’ U)v (N7 w))

N A VYA M AVA

%

M N

Rino),(vw) =

FIGURE 2. Structural morphisms of d4

Moreover, the following triangle of monoidal functors commutes:

dA4>Z (Ba)

PROOF. On verifies the theorem by direct computation. This is left to the
reader. O

We call the quasitriangular Hopf monad d 4 the central double of A.

REMARK 4.2. From Corollary 2.17, we see that the Hopf monad d4 is not
representable by a Hopf algebra in general. This can also be verified by hand,
showing that, with the same category B, and algebra A, as in Section 2.9, the
Hopf monad d4, admits no augmentation.



20 A. BRUGUIERES AND A. VIRELIZIER

5. Cross products and cross quotients of Hopf monads

In this section, we study the relationships between the double D(A) and the
central double d4 of a Hopf algebra A. The tools used to this end are the cross
product of Hopf monads (see [BV2]) and the inverse operation, called the cross
quotient (see [BLV]). We refer to [McL] for detailed definitions of adjoint functors
and adjunctions.

5.1. Hopf monads and adjunctions. The forgetful functor Ur: CT — C
associated with a monad T on a category C has a left adjoint Fr: C — CT, called
the free module functor, defined by

Fr(X)=(T(X),px) and Fr(f)=T(f).

Conversely, let (F': C — D,U: D — C) be an adjunction, with unit n: 1¢c — UF
and counit e: FU — 1p. Then T = UF is a monad with product p = U(ep)
and unit 7. There exists a unique functor K: D — CT such that UrK = U and
KF = Fr. This functor K, called the comparison functor of the adjunction (F,U),
is defined by K(d) = (Ud,Uegq).

An adjunction (F,U) is monadic if its comparison functor K is an equivalence
of categories. For example, if T is a monad on C, the adjunction (Fr,Ur) has
monad T and comparison functor K = 1er, and so is monadic.

A comonoidal adjunction is an adjunction (F: C — D,U: D — C), where C and
D are monoidal categories, F' and U are comonoidal functors, and the adjunction
unit : 1¢ — UF and counit €: FU — 1p are comonoidal natural transformations.
Note that if (F, U) is a comonoidal adjunction, then U is in fact a strong comonoidal
functor, which we may view as a strong monoidal functor. Conversely, if a strong
monoidal functor U: D — C admits a left adjoint F', then F' is comonoidal, with
comonoidal structure given by

FQ(X7Y) ZEFX®FyFU2(FX,FY)F(77X®77Y) and FO Zc‘:‘le‘(Uvo)7

and (F,U) is a comonoidal adjunction (viewing U as a strong comonoidal functor).

For example, the adjunction (Fy,Ur) of a bimonad T is a comonoidal ad-
junction (because Ur is strong monoidal). Conversely, the monad T' = UF of a
comonoidal adjunction (U, F) is a bimonad, and the comparison functor K: D —
CT is strong monoidal and satisfies UK = U as monoidal functors and KF = Fy
as comonoidal functors (see for instance [BV1, Theorem 2.6]).

Let (F: C — D,U: D — C) be a comonoidal adjunction between monoidal
categories. The left Hopf operator and the right Hopf operator of (F,U) are the
natural transformations H! = {Hi’d}cec’dep and H" = {Hgyc}de'pycec defined by

H. 4 = (idp() ®a)Fa(c,U(d)): F(c® U(d)) = F(c) ® d,
Hj e = (ca ®idp(e)) F2(U(d), c): F(U(d) ® ¢) = d® F(c).

A Hopf adjunction is a comonoidal adjunction whose left and right Hopf oper-
ators are invertible. The monad of a Hopf adjunction is a Hopf monad. By [BLV,
Theore 2.15], a bimonad is a Hopf monad if and only if its associated comonoidal
adjunction is a Hopf adjunction.

The composite (G, V) o (F,U) = (GF,UV) of two (comonoidal, Hopf) adjunc-
tions is a (comonoidal, Hopf) adjunction.
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5.2. Cross products. Let T be a monad on a category C. If ) is a monad
on the category CT of T-modules:
0 Uq Ur
(G R
FQ Fr
then the monad of the composite adjunction (FgFr,UrUg) is called the cross
product of T by @ and denoted by @ xT (see [BV2, Section 3.7]). As an endofunctor
of C, Q@ xT =UrQFr. The product p and unit e of @ x T are:

p= qFTQ(EQFT) and e= VFr 1,

where g and v are the product and the unit of (), and 7 and € are the unit and counit
of the adjunction (Fr,Ur). Note that the comparison functor of the composite
adjunction (FgoFr, UrUg) is a functor

K: (€T — ¢,

By [BW], if @ preserves reflexive coequalizers, then K is an isomorphism of cate-
gories.

If T is a bimonad on a monoidal category C and Q is a bimonad on C”, then
QxT = UrQFr is a bimonad on C (since a composition of comonoidal adjunctions
is a comonoidal adjunction), with comonoidal structure given by:

Q% T)o(X,Y) = Qa(Fr(X), Fr(Y)) Q((Fr)2(X,Y)),
(@xT)o=QoQ((Fr)o).

In that case the comparison functor K: (CT)? — C9*T is strict monoidal.
By [BLV, Proposition 4.4], the cross product of two Hopf monads is a Hopf
monad.

ExAMPLE 5.1. Let H be a bialgebra over a field k and A be a H-module
algebra, that is, an algebra in the monoidal category gMod of left H- modules. In
this situation, we may form the cross product A x H, which is a k-algebra (see
[Mal]). Recall that H®? is a monad on Vecty and A®? is a monad on mgMod.
Then:

(A®?) x (H®?) = (A x H)®?
as monads. Moreover, if H is a quasitriangular Hopf algebra and A is a H-module
Hopf algebra, that is, a Hopf algebra in the braided category yMod, then A x H
is a Hopf algebra over k, and (A®7?) x (H®?) = (A x H)®? as Hopf monads.

5.3. Cross quotients. Let f: T'— P be a morphism of monads on a category
C. We say that f is cross quotientable if the functor f*: C¥ — CT is monadic. In
that case, the monad of f* (on CT) is called the cross quotient of f and is denoted
by P =i; T or simply P-4 T. Note that the comparison functor K : C¥ — (cHrAT
is then an isomorphism of categories.

By [BLV, Remark 4.10], a morphism f: T — P of monads on C is cross
quotientable whenever C admits coequalizers of reflexive pairs and P preserve them.

A cross quotient of bimonads is a bimonad: let f: T — P be a cross quo-
tientable morphism of bimonads on a monoidal category C. Then P H¢T is a bi-
monad on CT and the comparison functor K : C¥ — (CT)P#s 7T is an isomorphism
of monoidal categories.
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The cross quotient is inverse to the cross product in the following sense: let
T be a (bi)monad on a (monoidal) category C. If T — P is a cross quotientable
morphism of (bi)monads on C, then

(PHT)xT ~P

as (bi)monads. Also, if @ be a (bi)monad on CT such that (FoFr,UrUg) is
monadic, then the unit of Q) defines a cross quotientable morphism of (bi)monads
T — Q xT and

(QuT)+T~Q
as (bi)monads.

If C is a monoidal category admitting reflexive coequalizers, and whose monoidal
product preserves reflexive coequalizers, and if T and P are two Hopf monads on
C which preserve reflexive coequalizers, then any morphism of bimonads 7' — P is
cross quotientable and P-4 T is a Hopf monad (see [BLV, Proposition 4.13]).

ExaMPLE 5.2. Let f: L — H be a morphism of Hopf algebras over a field k,
so that H becomes a L-bimodule by setting £ - h - ¢ = f(¢)hf(¢'). The morphism
f induces a morphism of Hopf monads on Vecty:

f@k?Z Ly? — HRy?

which is cross quotientable, and (H®?) -4(L®?) is a k-linear Hopf monad on the
monoidal category Mod given by N — H ®, N. (Note that in general this cross
quotient is not representable by a Hopf algebra in the center of the category of left
L-modules). This construction defines an equivalence of categories

L\HopfAlg, — HopfMon, (rMod),

where L\HopfAlg, is the category of Hopf k-algebras under L and HopfMon, (;,Mod)
is the category of k-linear Hopf monads on ;Mod.

5.4. Applications to the doubles of A. Let A be a Hopf algebra in a
braided rigid category admitting a coend C. Recall from Theorems 2.10 and 4.1
that the double D(A) of A is a quasitriangular Hopf algebra in B and that the
central double d4 of A is a quasitriangular Hopf monad on Z(B) such that

Z(Ba) ~ Bp(ay ~ Z(B)*.
Recall the quasitriangular Hopf algebras D(A) and C' may be viewed as quasitri-
angular Hopf monads ? ® D(A) and ? ® C' on B.

THEOREM 5.3. We have:

7@ D(A)=dax (T C)

as quasitriangular Hopf monads. In particular
da = D(A) g C,

where f: C — D(A) is the Hopf algebra morphism defined by f = idagva ® u with
u the unit of C.

PROOF. The quasitriangular Hopf monads ?7® C, ?7® D(A), and d4 are respec-
tively the monads of the forgetful functor U: : Z(B) — B, the forgetful functor
U': Z(Ba) — B, and the functor U: Z(Ba) — Z(B). Since U’ = U o U, we ob-
tain that ? ® D(A) is the cross-product of d4 by ? ® C. This can be restated by
saying that d4 is the cross-quotient of ? ® D(A) by ?® C along ? ® f, or in short,
da =D(A) 5 C. O
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Recall from Remark 4.2, that the Hopf monad d 4 is not in general representable
by a Hopf algebra. In particular Theorem 5.3 gives an illustration of the fact the
cross-quotient of two Hopf monads representable by Hopf algebras is not always
representable by a Hopf algebra. This may be explained by the fact that C is not
in general a retract of D(A). Indeed, by [BLV, Corollary 5.12], the cross-quotient
P+ T of two Hopf monads is representable by a Hopf algebra in the center of the
category of T-modules if and only if T is a retract of P.
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