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Involutory Hopf group-coalgebras and
flat bundles over 3-manifolds

by

Alexis Virelizier (Berkeley, CA)

Abstract. Given a group m, we use involutory Hopf m-coalgebras to define a scalar
invariant of flat w-bundles over 3-manifolds. When 7 = 1, this invariant equals the one for
3-manifolds constructed by Kuperberg from involutory Hopf algebras. We give examples
which show that this invariant is non-trivial.
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INTRODUCTION

This paper is part of a program initiated by Turaev [8], called Homotopy
quantum field theories (HQFT), whose purpose is the study of quantum
invariants for maps. An n-dimensional HQFT with target a space X consists
in associating a vector space V(g) to any map g: N — X, where N is a closed
(n—1)-manifold, and a linear map L(f): V(fjo_nm) — V(f|a, 1) to any map
f: M — X, where M is an n-cobordism with OM = ;M U (—0-M). In
particular, this assignment must only depend on the homotopy classes of
the maps and must have the property that to compose two such cobordisms
amounts to composing their associated linear maps. When X is reduced to
a single point, one recovers the notion of a topological quantum field theory,
as described in [1].

Fix a group 7. A HQFT with target an Eilenberg—Mac Lane space of type
K(m,1) gives rise to invariants of flat m-bundles. The “quantum” versions
of 3-manifold invariants can be generalized to this setting to get invariants
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242 A. Virelizier

of flat m-bundles over 3-manifolds (see [9] for Reshetikhin—Turaev’s one and
[11] for Hennings—Kauffman-Radford’s one). The aim of this paper is to
generalize the invariants of 3-manifolds constructed by Kuperberg [4] from
involutory Hopf algebras to invariants of flat m-bundles over 3-manifolds.

The algebraic notion we use to replace that of a Hopf algebra is the notion
of a Hopf m-coalgebra, introduced by Turaev in [9] (see also [12, 13]). Briefly
speaking, a Hopf m-coalgebra is a family H = {H, }aer of algebras (over a
field k) endowed with a comultiplication A = {A, g: Hog — Ha®Hg}a ger,
a counit ¢: H; — k, and an antipode S = {S,: Hy, — H,-1}aer which
satisfy some compatibility conditions. The case m = 1 is the standard setting
of Hopf algebras.

Fix a Hopf m-coalgebra H = {H, }aenr which is involutory, that is, such
that its antipode satisfies S,—1S = idg, forall o € 7. Let £ = (p: M — M)
be a flat 7-bundle over a 3-manifold M. Suppose that ¢ is pointed and
denote its base point by z € M. Let = p(z) € M. Then there is a
uniquely defined homomorphism (M, z) — 7, called monodromy of £ at
Z. We define a scalar invariant Ky (&, Z) of the pointed flat 7-bundle (£, 7)
as follows: we represent the base space M of £ by a Heegaard diagram,
we color this diagram with 7w by using the monodromy of £ at Z, and we
associate to this “m-colored” Heegaard diagram some structure constants
of H = {Huy}aer- The proof of this result consists in showing that the
“m-colored” Reidemeister—Singer moves report the equivalence of pointed
flat m-bundles over 3-manifolds, and in verifying the invariance of Ky under
these moves by using the properties of involutory Hopf m-coalgebras.

The invariant Ky is non-trivial (we give examples of computation).

We study the dependence of Ky (&, T) on the base point z. In particular,
we show that Ky (&, 7) only depends on the path-connected component of
Z and that Ky (&, 7) is independent of the choice of  when 7 is abelian.

If =1 and M is a 3-manifold, then Ky (idys: M — M) coincides with
the invariant of M constructed by Kuperberg [4].

This paper is organized as follows. In Section 1, we review the properties
of Hopf m-coalgebras. In Section 2, we construct an invariant of m-colored
Heegaard diagrams. In Section 3, we show that this invariant yields an in-
variant of pointed flat m-bundles over 3-manifolds. Finally, we give examples
in Section 4.

Acknowledgements. The author thanks Vladimir Turaev for useful
suggestions and advice, and B. Enriquez and L. Vainerman for helpful con-
versations concerning the algebraic part.

Throughout this paper, 7 is a group (with neutral element 1) and k is
a field. All algebras are supposed to be over k, associative, and unitary.
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The tensor product ® = ®j is always assumed to be over k. If U and
V are k-spaces, oyy: U ®V — V @ U will denote the flip defined by
oyyv(u®@v)=v®uforallueU and ve V.

1. HOPF GROUP-COALGEBRAS

In this section, we review definitions and properties concerning Hopf
group-coalgebras. For a detailed treatment, we refer to [12].

1.1. Hopf m-coalgebras. Following [9], a Hopf 7-coalgebra (over k) is a
family H = {Ha}aer of k-algebras endowed with a family A = {A, g: Hup
— H, ® Hg}q ger of algebra homomorphisms (the comultiplication) and an
algebra homomorphism e: H; — k (the counit) such that, for all «, 5, € 7,

(1) (Aaﬁ & idH,y)Aaﬁ,'y = (idHa (%9 Aﬁ,v)Aa,ﬂw
and
(2) (idHa ® 5)Ao¢,l = idHa = (8 &® idHQ)Al,om

and with a family S = {S,: H, — Hy-1}aer of k-linear maps (the antipode)
such that, for all o € T,

(3) M (Sy-1 @ idHa)Aafl’a =¢elq = ma(idg, ® Sa—l)Aa’afl,

where my: Hyo® Hy, — H, and 1, € H, denote the multiplication and unit
element of H,.

When 7 = 1, one recovers the usual notion of a Hopf algebra. In partic-
ular Hi is a Hopf algebra.

Observe that the notion of a Hopf m-coalgebra is not self-dual, and if
H = {Hu}aer is a Hopf m-coalgebra, then {o € m| Hy # 0} is a subgroup
of m.

A Hopf m-coalgebra H = {H, }aer is said to be of finite type if, for all
a € m, H, is finite-dimensional (over k). Note that this does not mean that
Docr Ha is finite-dimensional (unless H, = 0 for all but a finite number of
a€em).

The antipode of a Hopf m-coalgebra H = {H, }aer is anti-multiplicative
(the map Sy: Hy — H,-1 is an anti-homomorphism of algebras) and anti-
comultiplicative in the sense that Ag-1 ,-18,5 = OH, 1 ,Hy (Sa ® 53)Aa
and €51 = ¢ (see [12, Lemma 1.1]).

The antipode S = {Sy}aer of H = {Hy} aer is said to be bijective if
each S, is bijective. As for Hopf algebras, the antipode of a finite type Hopf
m-coalgebra is always bijective (see [12, Corollary 3.7(a)]).

We extend the Sweedler notation for comultiplication to the setting of a
Hopf m-coalgebra H = {Hg }acr as follows: for any o, 8 € m and h € H,g,
we write Ay g(h) = Z(h) h1,0) ® h2,8) € Ho ® Hg, or briefly, if we leave
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the summation implicit, A g(h) = h(1,0) ® h2,3)- The coassociativity of A
gives that, for any o, 3,y € 7 and h € Hug,,

h(ta8)1,0) @ P1ap)2,6) ® Pi2) = hia) ® M, sy)(1,6) B Piz,67)2)-
This element of H, ® Hg ® Hy is written as h(j ) ® hia8) @ ). By
iterating the procedure, we define inductively h(j 4,) ® -+ @ h(y o, for any
he Hy,..ap-

If H = {Hu}aer is a Hopf m-coalgebra with bijective antipode and Ha’
denotes the opposite algebra to H,, then HP = {HgP} e, endowed with
the comultiplication and counit of H and with the antipode S°P = {SgF =
S;,ll}ae,r, is a Hopf m-coalgebra, called opposite to H.

If H = {Hy}aer is a Hopf m-coalgebra with bijective antipode, set
H® = H, 1 as an algebra, Agjg = O-Hﬁil’HailAﬁ—lpé—l, £°P — ¢ and
Sa’P = S51. Then HP = {Hs Y per is a Hopf m-coalgebra, called cooppo-
site to H.

1.2. The case of 7 finite. Suppose 7 is a finite group. Recall that the
Hopf algebra F'(7) = k™ of functions on 7 has a basis (eq: @ — Kk)qer defined
by eq(3) = 0q,8 Where dq o = 1 and d, 3 = 0if a # 3. The structure maps of
F(m) are given by eaeg = 6o, €as Lr(r) = Dnen €as Alea) =D g,—0 @6y,
£(eq) = 0a,1, and S(eq) = €,-1.

By a central prolongation of F(m) we shall mean a Hopf algebra A en-
dowed with a morphism of Hopf algebras F(m) — A which sends F(m)
into the center of A. The morphism F(7w) — A is called the central map
of A.

Since 7 is finite, any Hopf 7-coalgebra H = {Hg }qex gives rise to a Hopf
algebra H = Docnr

aHa = 5@,1 g, ﬁl‘Ha@Hﬁ = 5a,ﬂ Mgy, T = ZaEﬂ' 1@, and § = ZaEﬂ- Sa.
The k-linear map F(w) — H defined by e, +— 1, clearly gives rise to a
morphism of Hopf algebras which sends F(7) into the center of H. Hence

H,, with structure maps given by A~|Ha = ZB’Y:OZ Ag s

H is a central prolongation of F (7).

As noticed by Enriquez [2], the correspondence which assigns to ev-
ery Hopf m-coalgebra H = {H,}qer the central prolongation H of F(r) is
one-to-one. Indeed, let (A4, m,1,A,e,S) be a central prolongation of F().
Denote by 1, € A the image of e, € F(7) under the central map F(r) — A
of A. Set H, = Al, for any o € 7. Since F(7) — A is a morphism of Hopf al-
gebras and each 1, € A is central, the family { Hy }aer is a Hopf 7-coalgebra
with structure maps given by ma = 1o m|u,0H., Qas = (la ®1p) - Aln,,,
e = ¢, and S = 1,-1 - S|p, . Furthermore, H = A as a central prolon-
gation of F(r), where H = DBocr
associated to {Hy }aer as above.

H, is the central prolongation of F(m)
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1.3. w-integrals. Recall that a left (resp. right) integral for a Hopf
algebra (A, A, e, S) is an element A € A such that 24 = e(z)A (resp. Az =
e(x)A) for all x € A. A left (resp. right) integral for the dual Hopf algebra
A* is a k-linear form A € A* satisfying (ida ® A\)A(z) = A(x)la (resp.
(A®ida)A(z) = A(z)14) for all x € A.

By a left (resp. right) m-integral for a Hopf m-coalgebra H = {Hy }aer,
we shall mean a family A = (Aa)aer € [[oer Ha of k-linear forms such
that

(4) (idHa ®)\g)Aa”@(x) = Aag(x)la (resp. ()\a®idHﬁ)Aaﬂ($) = )\ag(x)l,g)

for all o, 3 € m and = € H,p.

Note that A; is a usual left (resp. right) integral for the Hopf algebra H}.

A m-integral A = (Ao )acr is said to be non-zero if Ag # 0 for some 3 € 7.
Note that a non-zero m-integral A = (Aq)aer has Ay # 0 for all a € 7 such
that H, # 0. In particular A; # 0.

It is known that the space of left (resp. right) integrals for a finite-
dimensional Hopf algebra is one-dimensional. In the setting of Hopf 7-coal-
gebras, the space of left (resp. right) 7-integrals for a finite type Hopf m-coal-
gebra is one-dimensional (even when 7 is infinite; see [12, Theorem 3.6]).

1.4. Semisimplicity. A Hopf m-coalgebra H = {Hy}aer is said to be
semisimple if each algebra H, is semisimple. Note that a necessary con-
dition for H to be semisimple is that H; is finite-dimensional (since an
infinite-dimensional Hopf algebra over a field is never semisimple, see [7,
Corollary 2.7]). If H is of finite type, then H is semisimple if and only if H;
is semisimple (see [12, Lemma 5.1]).

1.5. Cosemisimplicity. The notion of a comodule over a coalgebra may
be extended to the setting of Hopf m-coalgebras. Namely, a right w-comodule
over a Hopf m-coalgebra H = {H, }aer is a family M = { M, }qer of k-spaces
endowed with a family o0 = {0a,8: Mag — Mo ® Hg}a ger of k-linear maps
such that (Qa,ﬂ®idH7)Qaﬁ,7 = (idaz, ®Aﬁ;y)9a757 and (idps, ®5)Qa,l =idpy,
for all a, 8,7 € w. A w-subcomodule of M is a family N = { Ny }aer, where
N, is a k-subspace of M,, such that o, 3(Nag) C No @ Hg for all a, 5 € 7.
The notion of sum and direct sum of a family of m-subcomodules of a right
m-comodule may be defined in the obvious way.

A right m-comodule M = {M,}aer is said to be simple if it is non-zero
(i.e., My # 0 for some a € 7) and if it has no m-subcomodules other than
0 = {0}qer and itself. A right m-comodule which is a direct sum of a family
of simple m-subcomodules is said to be cosemisimple. A Hopf m-coalgebra
is called cosemisimple if it is cosemisimple as a right m-comodule over itself
(with comultiplication as structure maps).
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There exists (see [12, Theorem 5.4]) a Hopf m-coalgebra version of the
dual Maschke theorem: a Hopf m-coalgebra H = {H, }qer is cosemisimple
if and only if there exists a right m-integral A\ = (Ay)aer for H such that
Aa(ly) =1 for all o € m with H, # 0. In particular, if H is of finite type,
then H is cosemisimple if and only if the Hopf algebra H; is cosemisimple.

1.6. Crossed Hopf 7m-coalgebras. The notion of a crossing for a Hopf
m-coalgebra is needed to define the quasitriangularity of a Hopf m-coalgebra
(see [9, 12]). A Hopf m-coalgebra H = {Hg}aer is said to be crossed if it
is endowed with a family ¢ = {pg: Hy — Hgap-1}a,ser of algebra iso-
morphisms (the crossing) such that each ¢g preserves the comultiplication
and the counit, i.e., (pg ® ¢5)Aay = Agag-1,8,8-19p and epg = ¢ for all
a, 3,7 € m, and ¢ is multiplicative in the sense that pgg = @gpg for all
8,0 €.

One easily verifies that a crossing preserves the antipode, that is, ¢3S, =
Sgap-10g for all a, 8 € 7.

A particular class of crossed Hopf w-coalgebras is that of Hopf m-coal-
gebras with 7 abelian: if 7 is an abelian group, then a Hopf m-coalgebra
H = {Hy}aer is always crossed (e.g., by taking ¢g|n, = idg, ).

When 7 is a finite group, the notion of a crossing can be described by
using the language of central prolongations of F'(m) (see Section 1.2). More
precisely, a central prolongation A of F () is crossed if it is endowed with
a group homomorphism ¢: 7 — Autpep(A) such that pg(1la) = 1g,5-1 for
all a, 3 € m, where Autpepe(A) is the group of Hopf automorphisms of the
Hopf algebra A and 1, denotes the image of e, € F(m) under the central
map F(7) — A.

For examples of crossed Hopf 7-coalgebras, we refer to [13].

1.7. Involutory Hopf m-coalgebras. In this section we give some re-
sults concerning involutory Hopf m-coalgebras which are used for topological
purposes in Sections 2 and 3.

A Hopf m-coalgebra H = {H, }qer is said to be involutory if its antipode
S = {Sa}aer is such that S,-15, = idy, for all a € 7.

If A is an algebra and a € A, then r(a) € Endi(A) will denote the right
multiplication by a defined by r(a)(xz) = za for any x € A. Moreover, Tr
will denote the usual trace of k-linear endomorphisms of a k-space.

LEMMA 1. Let H = {Hy}aer be a finite type Hopf w-coalgebra with
antipode S = {Sqa taer. Let A = (Aa)aer be a right w-integral for H and A
be a left integral for Hy such that \i(A) = 1. Let « € . Then

(a) Tr(f) = Aa(Sa—1(A2,a-1))f(A(1,0))) for all f € Endy(Ha);
(b) Tr(r(a) o Sy-154) = e(A)Aa(a) for all a € Hy;
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(c) If Hy # 0, then Tr(S,-1S4) # 0 if and only if H is semisimple and

cosemisimple;

(d) If H, # 0, then Tr(S,-15,) = Tr(S?).

Proof. To show (a), identify H} ® H, and Endg(H,) by (p ® a)(z) =
p(x)a for all p € H, and a,x € H,. Under this identification, Tr(p ® a) =
p(a). Let f € Endg(H,). We may assume that f = p ® a for some p €
H} and a € H,. By [12, Corollary 3.7(b)], there exists b € H, such that
p(z) = Aa(bx) for all z € Hy. Now S 1 (b) = Aa(bA(1 ) Aa-1) by [12,
Lemma 4.3(b)] and so

b= Aa(bA(1,0))Sa-1(A2,a-1)) = P(A(1,0))Sa-1(A2,0-1)-
Therefore
Te(f) = pla) = Aa(ba) = Aa(Sa-1(A@a-1))P(A1,0))a)
= )‘G(SOF1(A(Q,oﬁl))f(/l(l,a)))‘
Let us show (b). Let a € H,. Then
Tr(r(a) 9] Sa—lsa) = )\Q(SQ—I(A(Qail))Sa—I Sa(/l(l,a))a) by (a)
= Aa(Sa-1(Sa(A(1,0)) A2, 1))a)
= Aa(Sa-1(e(A)1g-1)a) by (3)
= e(A)Aa(a).

To show (c), suppose Hy # 0. Since Tr(S,-154) = €(A) Ao (1) (by (b)),
one easily concludes using the facts that H is semisimple if and only if
e(A) # 0 (by [12, Lemma 5.1] and [6, Theorem 5.1.8]), and H is cosemisimple
if and only if A\y(14) # 0 (by [12, Theorem 5.4] since H, # 0).

Let us show (d). By using (4), we have

>\1(11) 1a == ()\1 ® idHa)Al,a(la) = )\oz(loc) 1047
and so Ay (1s) = A1(11) since 1, # 0 (because H, # 0). Hence, by (b), we
conclude that Tr(S,-15,) = e(A) Aa(1a) = e(A) A1(11) = Tr(S?). =

LEMMA 2. Let H = {H,}aer be a finite type involutory Hopf w-coalgebra
over a field of characteristic p. Let o € m with Hy, # 0. If p =0 or p >
|dim H, — dim H|, then dim H, = dim H;.

Proof. By Lemma 1(d), we have Tr(S,-1S5,) = Tr(5?), that is, since H

is involutory, (dim H,)1x = (dim H;)lgk. One easily concludes by using the
hypothesis on the characteristic of the field k. =

LEMMA 3. Let H={H,}aer be a finite type involutory Hopf m-coalgebra.
Suppose that dim Hy # 0 in the ground field k of H. Then H is semisimple
and cosemisimple.

Proof. This is a consequence of Lemma 1(c) since Tr(5?) = Tr(idg,) =
dim Hl 75 0. m
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1.8. Diagrammatic formalism of Hopf group-coalgebras. The
structure maps of a Hopf m-coalgebra H = {H, }aer can be represented sym-
bolically as in [4]. The multiplications mq: Ho,®H, — H,, the unit elements
la, the comultiplication A, g: Hog — Ho ® Hg, the counit e: H; — k, and
the antipode S,: H, — H,-1 are represented as in Figure 1. The inputs
(incoming arrows) for the product symbols are read counterclockwise and
the outputs arrows (outgoing arrows) for the comultiplication symbols are
read clockwise.

N /

Mo —> 1,/ _'Aoz,[?’ — — Sq —

/ N

Fig. 1. The structure maps

In light of the associativity and coassociativity axioms (see Section 1.1),
we adopt the abbreviations of Figure 2.

Mo — :1a—> —_— My —> :—»:idHa

A

ma—> = —>ma—> ------ —»ma—>

d / /

—»Al_—>5 —»Aa—>:—>—1dHa

e B~ a A

> Sar,enQn P T T S Q1,0 T — Sag,ar =

N \ \

Fig. 2. Diagrammatic abbreviations

The combinatorics of the diagrams involving such symbolical representa-
tions of structure maps may be thought of as (sum of) products of structure
constants. For example, if (e;); is a basis of H; and 51]- * ¢ k are the structure
constants of A;; defined by Ay 1(e;) = Zj,k 53-’kej ® e, 'then the element
C € Hy represented in Figure 3(a) is given by C'=3_, 5;’kek.

Fig. 3
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Similarly, if (e;); is a basis of H, and uf’ ; € k are the structure con-
stants of m, defined by mq(e; @ €j) = >, u,ﬁjek, then the k-linear form
To: Hy — k represented in Figure 3(b) is given by T, (e;) = > ,u,ﬁl Note
that T, (x) = Tr(r(x)) for any = € H,, where r(x) € Endg(H,) denotes
the right multiplication by x and Tr is the usual trace of k-linear endomor-
phisms.

Until the end of this section, H = {H,}qer will denote a finite type
involutory Hopf m-coalgebra with dim H; # 0 in the ground field k of H.

LEMMA 4. T = (Ta)aer i a non-zero two-sided mw-integral for H and
C' is a non-zero two-sided integral for Hy which satisfy Ti1(11) = ¢(C) =
T, (C) = dim Hy. Moreover S1(C) = C and T,-1 0 Sy =Ty, for all a € 7.

Proof. Recall that H is semisimple and cosemisimple (by Lemma 3).
Therefore, by [12, Theorem 5.4 and Corollary 5.7], there exists a two-sided
m-integral A\ = (A\q)aer for H such that A\,(1,) = 1 for all « € 7m with
H, # 0. Let A be a left integral for H; such that A\;(A) = 1. By Lemma 1(b),
we have T, (z) = Tr(r(z)) = e(A) Ao(x) for any = € H,. Therefore T =
(Tw)aer is a multiple of A = (A\y)aer and so is a two-sided 7w-integral for
H, which is non-zero since £(A) # 0 (because H; is semisimple, see [6, The-
orem 5.1.8]). Likewise C' = A1(11) 4 = A (by Lemma 1(b) applied to the
Hopf algebra H{) and so C is a non-zero left integral for H;. Moreover C
is a right integral for H; (since H; is semisimple and so its integrals are
two-sided).

Since A1(11) = A1 (A) = 1 and by Lemma 1(b), we have 71 (C) = T1(1;) =
e(C) =¢(A) = Tr(idy, ) = dim H;.

Since H is cosemisimple, [12, Theorem 4.2(c) and Corollary 5.7] give
that T,,-1 0 Sy = Ty, for all @ € 7. Finally, S;(C) is a left integral for H;
and so there exists k& € k such that S1(C) = kC. Now k = 1 since C = A,
A1(A) =1, and A\; 0S; = \;. Hence S1(C)=C. =

N N
mea = Mo — Ta
/ /
/
Aoa .,an//;' = C _'Aoq ..... Qan if o ap = 1
N N

LEMMA 5. The two tensors represented by the diagrams of Figure 4 are
cyclically symmetric.
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Proof. Let o € m. Since (1j3)ger is a right m-integral for H (by Lemma 4)
and the Hopf algebra H; is semisimple and so unimodular, [12, Theo-
rem 4.2(a)] gives that, for all x,y € H,,

Ta(xy) = Ta(Sa—lsa(y)ﬁ) = Ta(yl')'
Hence Ty (x122 -+ - 2p) = T (22 - - - xpaxy) for all xy, ..., 2, € Hy,.

Since H is cosemisimple and C' is a left integral for Hj, by using [12,
Corollaries 4.4 and 5.7] we find that, for all a € ,

C(l,a) X 0(27a—1) = Sa—lsa(C(Q,a))la (Y C(La—l) = C(Q’a) X C(l,a—l)-
Therefore, for all aq,...,a, € 7 such that a; - - - a,, = 1, we obtain
Cia) @ @ Clu_t,an_1) ® Cinyan)
= (0(1,a;1))(1,a1) Q- & (C(l,agl))(n—l,anq) ® C(Zan)

= (Cant))a) @ @ (Cg art))n-1an-1) © Cl1,a0)
=C2,a1) ® @ Clnan_1) ® Cl1,an)-

Hence the two tensors of Figure 4 are cyclically symmetric. =

2. INVARIANTS OF COLORED HEEGAARD DIAGRAMS

In this section, we define 7-colored Heegaard diagrams and their equiva-
lence. Then, starting from an involutory Hopf m-coalgebra, we construct an
equivalence invariant of m-colored Heegaard diagrams.

2.1. Colored Heegaard diagrams. By a Heegaard diagram, we shall
mean a triple D = (S,u,l) where S is a closed, connected, and oriented
surface of genus ¢ > 1 and u = {u1,...,ug} and I = {ly,...,l,} are two
systems of pairwise disjoint closed curves on S such that the complement
to U, ur (resp. UJ; l;) is connected. Note that if a sphere with g handles is
cut along ¢ disjoint circles that do not split it, then a sphere from which 2g
disks have been deleted is obtained.

The circles ug (resp. [;) are called the upper (resp. lower) circles of the
diagram. By general position we can (and we always do) assume that u and
[ are transverse. Note that w N is then a finite set. The Heegaard diagram
D is said to be oriented if all its lower and upper circles are oriented.

Let D = (S,u,l) be an oriented Heegaard diagram. Denote by g the
genus of S. Fix an alphabet X = {z1,..., 24} of g letters. For any 1 <1i < g,
traveling along the lower circle l; gives a word w;(x1,...,x4) as follows:

e Start with the empty word w; = 0;
e Make a round trip along I; following its orientation. Each time [; en-
counters an upper circle uy at some crossing ¢ € [; N ug (for some
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1 <k <g), replace w; by w;zy, where
{ +1 if (del;, decug) is an oriented basis for TS,
UV =
—1 otherwise;
e After a complete turn along /;, one gets w;.

Note that the word w; is well defined up to conjugacy by some word in
the letters x1,..., x4 (this is due to the indeterminacy in the choice of the
starting point on ;).

We say that the Heegaard diagram D is w-colored if each upper circle wug
is provided with an element aj, € 7 such that w;(a,...,ay) =1 € 7 for all
1 <i < g. The system a = (aq,..., ay) is called the color of D.

Two m-colored Heegaard diagrams are said to be equivalent if one can
be obtained from the other by a finite sequence of the following moves (or
their inverses):

TYPE I (homeomorphism of the surface): By using an orientation-pre-
serving homeomorphism of a (closed, connected, and oriented) surface S to
a (closed, connected, and oriented) surface S’, the upper (resp. lower) circles
on S are carried to the upper (resp. lower) circles on S’. The colors of the
upper circles remain unchanged.

TvypPE II (orientation reversal): The orientation of an upper or lower
circle is changed to its opposite. For an upper circle u;, its color «; is changed
to its inverse o L

TvypE III (isotopy of the diagram): We isotope the lower circles of the
diagram relative to the upper circles. If this isotopy is in general position,
it reduces to a sequence of two-point moves shown in Figure 5. The colors
of the upper circles remain unchanged.

Uk v Qap U €73
li /—\ lz'

Fig. 5. Two-point move

Fig. 6. Stabilization
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TYPE IV (stabilization): We remove a disk from S which is disjoint from
all upper and lower circles and replace it by a punctured torus with one upper
and one lower (oriented) circles. One of them corresponds to the standard
meridian and the other to the standard longitude of the added torus (see
Figure 6). The added upper circle is colored with 1 € 7.

TYPE V (sliding a circle past another): Let Cq and C3 be two circles of a
m-colored Heegaard diagram, both upper or both lower, and let b be a band
on S which connects Cy to Cy (that is, b: I x I — S is an embedding of
[0,1] x [0,1] for which b(I x I) N C; = b(i x I), i = 1,2) but does not cross
any other circle. The circle C] is replaced by

Ci201#502201U02Ub(1><61)\b(61><[).

The circle Cy is replaced by a copy C} of itself which is slightly isotoped
so that it has no point in common with Ci. The new circle C] (resp. C%)
inherits the orientation induced by C (resp. C3) (see Figure 7).

O=-C=0

Fig. 7. Circle slide

If the two circles are both lower, then the colors of the upper circle remain
unchanged. Suppose that the two circles are both upper, say C1 = u; and
Cy = u; with colors a; and «j respectively. Set p = 0(0,1/2) € u; and
q =b(1,1/2) € u;. Up to first applying a move of type II to u; and/or uy;,
we can assume that (dpb(-,1/2), dpu;) is a negatively-oriented basis for T),S
and (dg4b(-,1/2),dqu;) is a positively-oriented basis for T,S. Then the color
of u; = (' is a; and the color of u}; = Cj is a; 'aj. The colors of the other
upper circles remain unchanged.

One can remark that all these moves transform a m-colored Heegaard
diagram into another m-colored Heegaard diagram. Indeed, for a move of
type I, each word w; is replaced by a conjugate of itself. For a move of type
IT applied to an upper circle uy, each word w;(z1, ..., xk, ..., z4) is replaced
by a conjugate of w;(x1, ... ,:c,;l, ..., &q). For a move of type II applied to a
lower circle [;, the word wj is replaced by a conjugate of w,” ! For a move of
type III between uy and [;, the word w; is replaced by a conjugate of itself
in which a:kxlzl or a:;lznk has been inserted. For a move of type IV, the new
word wg1(z1,...,2g41) is x;til. For a move of type V applied to two lower
circles, say [; slides past [;, the word wj is replaced by a conjugate of itself
inside which a conjugate of wjﬂL has been inserted, the other words remaining
unchanged (up to conjugation). For a move of type V applied to two upper
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circles, say u; slides past u;, each word wg(z1, ..., ,...,x,) is replaced by a
conjugate of wy (1, ..., 2z, ..., x4) (see the assumptions on the orientation
of the circles u; and u;). Therefore the conditions w;(a1,...,ay) = 1 are
still satisfied after performing one of these moves.

2.2. Invariants of m-colored Heegaard diagrams. Fix a finite type
involutory Hopf m-coalgebra H = {Hg}aer such that dim Hy # 0 in the
ground field k of H. Note that H is then semisimple and cosemisimple (by
Lemma 3). Using this algebraic data, we give a method to define an invariant
of m-colored Heegaard diagrams, which generalizes that of Kuperberg [4].

Let D = (S,u,l) be a m-colored Heegaard diagram with color @ =

(041, ey ag).
To each upper circle ug, we associate the tensor of Figure 8(a), where
c1, ..., Cy are the crossings between uy, and [ which appear in this order when

making a round trip along uy following its orientation. Since this tensor is
cyclically symmetric (see Lemma 5), this assignment does not depend on
the choice of the starting point on the circle u; when making a round trip
along it.

C1 C1
My Apyfm
cn”” ~ Cm
(a) Tensor associated to uy (b) Tensor associated to I;
Fig. 8

To each lower circle [;, we associate the tensor of Figure 8(b), where
c1,...,Cn are the crossings between [; and u which appear in this order
when making a round trip along [; following its orientation, and the 8; € 7
are defined as follows: if /; intersects uy, at c;, then 8; = of with v = +1 if
(de;liy de;ug) is a positively-oriented basis for T¢;S, and v = —1 otherwise.
Note that £y - B = wi(au,...,a4) = 1 and so the tensor associated to [;
is well defined. Since this tensor is cyclically symmetric (see Lemma 5), this
assignment does not depend on the choice of the starting point on the circle
l; when making a round trip along it.

Let ¢ be a crossing point between an upper and a lower circle, say between
uy and [;. Let v be as above. If v = +1, we contract the tensors assigned to
l; and uy as follows:

/ ™~ AN

A...,ak,... - C ¢ R May, A"'7ak‘,1'" : R May,
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If v = —1, we contract the tensors assigned to l; and u as follows:
% ™~ % N
vl TRC G Mgy, A...,a,;l,... - Saglj‘—> My,
\ ‘ \ s

After all contractions, one gets Z(D) € k.
Finally, we set

Ky (D) = (dim Hy) ™9 Z(D) € k.

THEOREM 6. Let H = {Hy}oer be a finite type involutory Hopf w-coal-
gebra with dim Hy # 0 in the ground fieldk of H. Then K is an equivalence
mmwvariant of w-colored Heegaard diagrams.

Proof. We have to verify that K is invariant under the moves of types
I-V. The proof extends that of [4, Theorem 5.1] since we have to take care
of the colors of the Heegaard diagrams.

Clearly, K is invariant under a move of type L.

Consider a move of type II applied to an upper wuy circle with color
ay, that is, uy is replaced by uj = u; with the opposite orientation and
with color 04,;1. Let c1,...,c, be the crossings between uy and the lower
circles which appear in this order following the orientation. Then the tensor
associated to uy (resp. uﬁg) is:

C1 Cn

M ( ™
Qg resp. -1 )
en” o

Recall that the contraction rule applied to a crossing point ¢ € ug N 1; is:

C
Anar Lo ~
RINGT AN - ¢ —'m(yk
: cnz/f

where v = +1 and ¢ = idHak if (dcl;, dcuy) is a positively-oriented basis of
T.S,and v = —1 and ¢ = Salzl otherwise. Then the contraction rule applied

to the corresponding crossing point ¢ € uj, N; is:

Cn
A...,az,.,./‘t_—> i —f:\:maﬂ
i : k
\ C1 /

where 1) = idH(f1 if (dcl;i,dcuy,) is a positively-oriented basis of T¢.S, and

k
1 = S, otherwise. Now ) = S,, o ¢ since the antipode is involutory.
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Therefore the invariance follows from the equality

Cn-'Sak> Cl:\\

-1 = P My
a k

R m i
Cc1 _.Sak/ cn/

which comes from the anti-multiplicativity of the antipode and the fact that
T,-1 08,4 =T, for any a € 7 (by Lemma 4).

For a move of type II applied to a lower circle, the invariance follows
from the equality

Cm 1—C
Apsn s 2 Aga /{Sﬂll 1
\Cl o \Sﬁ;f_'cm
which comes from the anti-comultiplicativity of the antipode and the fact
that S1(C) = C (by Lemma 4).
Consider now a two-point move between an upper circle with color «
and a lower circle. Up to first applying a move of type II, we can consider
that these two circles are oriented so that the invariance is a consequence of

the following equality:

A...,apz_l,,__ /’Sa71\> Mo = ol /(—> I3 1a—j:\:ma = A7/ \ma
\ “f N W N 7

which comes from (3).

A move of type IV contributes C' — T = dim H; (see Lemma 4) to
Z(D), which is canceled by normalization.

Consider a move of type V applied to two upper circles, say u; (with
color o) slides past u; (with color o). We assume, as a representative case,
that both circles have three crossings with the lower circles:

Y

Using the anti-multiplicativity of the antipode (which allows us to consider
only the positively-oriented case of the contraction rule), we see that the
following factor of Z(D):

a e

N N
b—mg, f—/:maj
g

Cc
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is replaced by

a
"
& mat
€ Aai,a; a;
f—n TC
ai,ai Qg
9 %aia

Using the multiplicativity of the comultiplication and the fact that (Ta)aer
is a left w-integral for H (see Lemma 4), we deduce that these two factors
are equal (see Figure 9).

a a
b x b \
c— mal c —\>mai—> TO{,;

m A
f —»Aa%a;1a] f— a; TSy, 40—
9—A 0! g G
ai,ai Otj\»m
o7 oy
a
e b a €
B \\ B N N
- f-'ma]—>Ta c—" Mq, To, — b —maq, f_>maj
/ /
g 10@ ¢ g

Fig. 9

Finally, suppose that a lower circle slides past another lower circle. We
assume, as a representative case, that these two circles have both three
crossings with the upper circles. Let ay, ag, az (resp. 81, B2, f3) be the colors
of the upper circles intersected (following the orientation) by the first (resp.
second) lower circle considered. Then the invariance follows from the equality
of Figure 10 which comes from the multiplicativity of the comultiplication
and the fact that C is a right integral for H; (see Lemma 4). This completes
the proof of the theorem.

If D is a m-colored Heegaard diagram of genus g with color a=(ay, ..., ay)
and 3 € 7, then Baf™ = (BayB71, ..., BayB™1) is clearly another color of
the Heegaard diagram, said to be conjugate to the color a.

LEMMA 7. Let H = {H,}aer be a finite type involutory Hopf w-coalgebra
with dim Hy # 0 in the ground field k of H. Suppose that H = {Hu}aer
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AB, 82,85 '\

/

Aal,az,a3—>
/o

Mo — VAVR C A8, \
,//' mg, —- mg—
Awl-,amot?.,ﬂl,ﬂzﬂS

\\_/mﬁ3 - Aﬂlﬂz,ﬁa mg, —
mpE;—-

7 / /
/'Aoq,ozz,oz?,\\—\> AO(l,OtQ,a;;—> Aal,ag,ag —

N N

= Al!l ¢ — Al,l\ —
N / €

\\, my _’Aﬁ1 82,03 —> / /

N\ C—Ap 0005 —  Api5os —

Fig. 10

is crossed (see Section 1.6). Then the invariant Kg(D) does not depend on
the conjugacy class of the color of the mw-colored Heegaard diagram D.

Proof. Denote by ¢ = {pg: Hy — Hpgap-1}a,ger the crossing of H =
{Huo}aer. Let D = (S,u,l) be a m-colored Heegaard diagram of genus g
with color a = (a1,...,04). Fix § € m. Denote by D? the same Heegaard
diagram endowed with the color Baf~! = (Ba1371,. .., BagB~ ). We have
to verify that Ky (DP) = Ky (D).

Let 1 < k,i < g and denote by c1,...,¢, (resp. ¢},...,c,) the crossings
between uy, and [ (resp. l; and w) which appear in this order when making
a round trip along u (resp. l;) following its orientation. Recall that, for D
(resp. DY), the tensor of Figure 11(a) (resp. Figure 11(b)) is associated to
the upper circle uy, and the tensor of Figure 11(c) (resp. Figure 11(d)) is
associated to the lower circle I; where, if [; intersects some wu,, at c;-, then
Bj = ay, with v = 1 if (dC}li,dc;un) is a positively-oriented basis for Tc;S )

and v = —1 otherwise.
c1 c1 ch ch
\ m, \ m 1 Aﬁ 3 / A -1 —1 /
y A / ﬂo&kﬁ 1seesPm \ , ﬁfglﬁ wwﬂﬂmﬁ \ ,
Cn Cn Cm Cm

(a) (b) () (d)

Fig. 11
Since H is cosemisimple, [12, Lemmas 6.3(a) and 7.2] give that ¢g(C)
= ( and [12, Corollary 6.2 and Lemma 7.2] give that Tg,5-105 = T
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for all o € 7. Therefore, using the multiplicativity and comultiplicativity
of a crossing, we have the equalities of Figure 12.

03—
.. o
A1 a1, B0mB1 (P = ABi,Bm 3
g —
N TN
i, MBayp—1 = / My,
— o

Fig. 12

Hence, since pg o g1 = idy, and Sgag-195 = ppSa for all a € m by
[12, Lemma 6.1], contracting the tensors associated to D® and D leads to
the same scalar Z(D?) = Z(D). Finally, Ky (D?) = (dim H,)"9Z(D") =
(dim H,)79Z(D) = Kg(D). =

3. INVARIANTS OF FLAT BUNDLES OVER 3-MANIFOLDS

In this section, we use the invariant of colored Heegaard diagrams defined
in Section 2 to construct an invariant of flat bundles over 3-manifolds.

3.1. Flat bundles over 3-manifolds. Fixa group 7. By a flat m-bundle
over a 3-manifold, we shall mean a principal w-bundle £ = (p: M — M),
where M is a closed connected and oriented 3-manifold, which is flat, that
is, such that its transition functions are locally constant. Such an object can
be viewed as a regular covering M — M with group of automorphisms 7.
The space M (resp. M) is called the total space (resp. base space) of &.

Two flat w-bundles over 3-manifolds § and ¢ are said to be equivalent if
there exists a homeomorphism h: M — M’ which preserves the action of 7
and induces an orientation-preserving homeomorphism h: M — M "

A flat w-bundle £ = (p: M — M) is said to be pointed when its total
space M is endowed with a base point Z € M. Two pointed flat w-bundles
over 3-manifolds (£,7) and (¢,7") are said to be equivalent if there exists
an equivalence h: M — M’ between them such that @) =7

Let (¢,7) be a pointed flat 7-bundle over a 3-manifold. Set x = p(z) € M,
where p: M — M is the bundle map of £&. We can associate to (£, 7) a mor-
phism f: (M, z) — m, called the monodromy of & at T, by the following
procedure: any loop v in (M, x) uniquely lifts to a path 7 in M beginning
at . The path 4 ends at a - Z for a unique a € 7. The monodromy is de-
fined by f([y]) = «, where [y] denotes the homotopy class in 71 (M, z) of
the loop 7.
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Any pointed flat 7-bundle (&,7) over a 3-manifold M leads to a triple

(M, z, f), where z is the image of = under the bundle map M — M of
¢ and f: m(M,z) — 7 is the monodromy of £ at z. Conversely, a triple
(M, z, f), where M is a (closed, connected, and oriented) 3-manifold, z € M,
and f: m(M,z) — 7 is a group homomorphism, leads to a pointed flat
m-bundle over M uniquely determined up to equivalence (see [3, Proposi-
tion 14.1]). Let us briefly recall the construction of the pointed flat 7-bundle

£ = (p: M — M) associated to a triple (M, z, f): the pointed manifold
(M,x) admits a universal covering u: (Y,y) — (M, z). The fundamen-
tal group 71 (M,z) acts on the left on Y as follows: given [o] € m (M, x)
and z € Y, let 3/ be the endpoint of the lift (in V) of o to a path that
starts at y. Choose a path v from y to z in Y. Then [o] - z is defined
to be the endpoint of the lift (in V') of the path w o« that starts at y'.
Set M = (Y x m)/m (M, x), where w1 (M, z) acts on the left on Y x 7 by
the rule [o] - (z,a) = ([o] - z,af([0])7!). Let (z,a) € M denote the im-
age of (z,a) € Y x m and define p: M — M by p({z,a)) = u(z). Then
¢ = (p: M — M) is a flat w-bundle over M, and it is pointed with base
point = = (y, 1).

It may be convenient to adopt this second point of view. In particular, un-
der this point of view, two pointed flat 7-bundles over 3-manifolds (M, z, f)
and (M’ 2', f") are equivalent if there exists an orientation-preserving hom-
eomorphism h: M — M’ such that h(z) = 2/ and f' o h, = f, where
hy: m (M, x) — m(M',2") is the group isomorphism induced by h.

3.2. Heegaard diagrams of 3-manifolds. We first recall that a Hee-
gaard splitting of genus g of a closed, connected, and oriented 3-manifold M
is an ordered pair (M,,, M;) of submanifolds of M, both homeomorphic to a
handlebody of genus g, such that M = M, UM; and M,,NM; = OM, = OM,;.
The handlebody M,, (resp. M) is called upper (resp. lower) and the surface
OM, = OM; is called a Heegaard surface (of genus g) for M.

It is well known that every closed, connected, and oriented 3-manifold
M has a Heegaard splitting (e.g., by taking a closed regular neighborhood
of the one-dimensional skeleton of a triangulation of M and the closure of
its complement).

Let (M,, M;) be a Heegaard splitting of genus g of a closed, connected,
and oriented 3-manifold M. Since M, is homeomorphic to a handlebody
of genus g, there exists a finite collection {Dj,..., Dy} of pairwise disjoint
properly embedded 2-disks in M,, which cut M, into a 3-ball. Likewise, there
exists a finite collection { D}, ..., Dy} of pairwise disjoint properly embedded
2-disks in M; which cut M; into a 3-ball. For 1 < i < g, set u; = dD; and
l; = 0Dj. We can (and do) suppose that these circles meet transversely.
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Denote the Heegaard surface M, N M; by S. It is oriented as follows: for any
point p € S, a basis (e1,ez) of T),S is positive if, when completing (eq, e2)
with a vector ez pointing from M; to M,, we obtain a positively-oriented
basis (e, ez, e3) of TyM. Then D = (S,u = {u1,...,ug},l = {l1,...,l4}) is
a Heegaard diagram in the sense of Section 2.1. Such a Heegaard diagram
is called a Heegaard diagram (of genus g) of M.

3.3. Kuperberg-type invariants of flat bundles over 3-manifolds.
Fix a finite type involutory Hopf m-coalgebra H = {H, }qer with dim Hy # 0
in the ground field k of H.

Let (¢ = (p: M — M), %) be a pointed flat m-bundle over a 3-manifold M.
Set x = p(z) € M and let f: m(M,z) — 7 be the monodromy of £ at .
Consider a Heegaard diagram D = (S, u,l) of genus g of M. Recall that
S = 0M, = OM; C M, where (M,, M;) is a Heegaard splitting of M. We
arbitrarily orient the upper and lower circles so that D is oriented. We can
(and always do) assume that x € S\ {u,[}.

Since S \ u is homeomorphic to a sphere from which 2¢ disks have been
deleted, there exist g pairwise disjoint (off ) loops 7v1,...,74 on (S, x) such
that, for any 1 <17 < g,

e ~; intersects the upper circle u; in exactly one point p; in such a way
that (dp,vi,dp,ui) is a positively-oriented basis of T, S
e ; does not intersect any other upper circle.
Then the homotopy classes a; = [;] € m1(M, z) do not depend on the choice
of the loops ~; satisfying the above conditions (since each ~; is homotopic

to a unique leaf of the z-based g-leafed rose formed by the core of the
handlebody M,,).

LEMMA 8. m(M,z) = (a1,...,aq|wj(a1,...,aq) =1 for1 < j < g),

where the words wi(x1,...,x4) are defined as in Section 2.1.
Proof. Recall that there exists a finite collection {Dj,..., D4} (resp.
{D1,...,Dy}) of pairwise disjoint properly embedded 2-disks in M, (resp.

M;) Wh1ch cut M, (resp. M;) into a 3-ball. Since |J;<;<, D;US is a deforma-
tion retract of M, from which some 3-balls have been deleted, 1 (U;<;<, D;
U S,z) is the free group generated by the homotopy classes of the loops
Y1,--.,7¢- Now, by the Seifert-van Kampen theorem, gluing a disk D;
amounts to adding the relation w;([y1],...,[yg]) = 1. Hence the lemma
follows from the fact that |J; ;< ,(D; U D; ) U S is a deformation retract of
M from which some 3-balls have been deleted. m

For any 1 < i < g, set a; = f(a;) € 7. By Lemma 8, o = (a1, ..., ay)
is a color of the oriented Heegaard diagram D. We say that the (oriented)
Heegaard diagram D of M is colored by f.
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Finally, we set
KH(S’%) = KH(D) € k?

where K is the invariant of w-colored Heegaard diagrams of Theorem 6.

THEOREM 9. Let H = {Hy }aer be a finite type involutory Hopf w-coal-
gebra with dim Hy # 0 in the ground field k of H.

(a) Ky is an invariant of pointed flat w-bundles over 3-manifolds.
(b) Let & = (p: M — M) be a flat m-bundle over a 3-manifold M.

(i) The function x € M Ky (€,7) € k is constant on the path-
connected components of M;

(ii) If H is crossed or if m is abelian or if the monodromy of & is
surjective, then Kg(&,%) does not depend on the choice of the
base point T € M.

This theorem is proved in Section 3.5.

If =1 and M is a 3-manifold, then Ky (idys: M — M) coincides with
the invariant of M constructed by Kuperberg [4].

In Section 4, we give examples which show that the invariant Ky is
non-trivial.

3.4. Basic properties of K. Let H = {H, }aer be a finite type invo-
lutory Hopf 7-coalgebra with dim H; # 0 in the ground field k of H. Recall
that H°P and HP denote the Hopf m-coalgebras opposite and coopposite
to H (see Section 1.1).

Let (¢,7) be a pointed flat m-bundle over a 3-manifold M. Denote by

—¢& the flat m-bundle £ whose base space M is endowed with the opposite
orientation. Then
(5) Ky (=¢§,7) = Kpgeor (§,7) = Kpor (€, 7).
Indeed, starting from an oriented Heegaard diagram D = (S,u,l) for M,
reversing the orientation of M amounts to reversing the orientation of the
Heegaard surface S. Then the first equality of (5) can be easily obtained by
reversing the orientation of the lower circles, and the second one by reversing
the orientation of the upper circles.

Let (£1,71) and (&2,72) be two pointed flat w-bundles over 3-manifolds.
Denote by x; (resp. z2) the image of Z; (resp. T2) under the bundle map
Ml — M of & (resp. MQ — My of &), and by fi: m(M;) — m (resp.
fa: m (M) — m) the monodromy of & at z; (resp. of & at Z2). Take
closed 3-balls By C M; and By C My such that 21 € 0B and z9 € 9Bs.
Glue M \ Int B; and Ms \ Int By along a homeomorphism h: 0By — 0B3
chosen so that h(zr1) = x2 and that the orientations in M;j \ Int By and
M> \ Int By induced by those in My, My are compatible. This gluing yields
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a closed, connected, and oriented 3-manifold M # Ms. For i =1 or 2, con-
sider the embeddings j;: M; \ Int B; — M; and k;: M; \ Int B; — M # M,
and set © = ky(x1) = ko(z2). By the van Kampen theorem, since 0By =
h(0By) is simply-connected, there exists a unique group homomorphism
frm(My # My,x) — m such that f o (k). = fio (ji)« (i = 1,2). This
leads to a triple (M; # Mo, z, f), and so to a pointed flat 7m-bundle over
My # My, denoted by (&1 # &2, ), whose monodromy is f (see Section 3.1).
Then

(6) Ky(&1 # &,7) = Kp(&1,71) Kg (&2, 72).

Indeed, we can choose a Heegaard diagram for M which is a connected
sum of Heegaard diagrams for M7 and My and such that the colorations of
these diagrams by the monodromies f, fi, or fo are compatible with this
connected sum.

3.5. Proof of Theorem 9. To prove (a), adopting the second point of
view of Section 3.1, let (M, z, f) and (M’,2’, f') be two equivalent pointed
flat w-bundles over 3-manifolds. Choose Heegaard diagrams D = (S, u,l)
of genus g of M and D' = (S',u/,l') of genus ¢’ of M'. Let h: M — M’
be an orientation-preserving homeomorphism with h(z) = 2’ and f =
I o hy, where hy: m(M,x) — w1 (M’ 2’) is the homomorphism induced
by h in homotopy. By the Reidemeister—Singer theorem (see [5, Theorem 8]

r [4, Theorem 4.1]), we can restrict ourselves to the case where the di-
agrams D’ and D are related by a move (or its inverse) of the following

type:

e TYPE A: h(S), u' = h(u), and I" = h(l);
e TYPE B: h(S), u (u) and [’ is isotopic to h(l) relative to u';
e TypE C: S h( ) # T2 v = h(u) U{C1}, and I' = h(l) U{Ca},

where T? is a torus and {C7,Cs} is the set formed by the
standard meridian and longitude of T?;

e TypE D: S = h(S), v = h(u), and I’ is obtained from h(l) by sliding
one circle of h(l) past another circle of h(l), avoiding the
other upper and lower circles of h(S5);

e TYypE E: S = h(S), ' = h(l), and «' is obtained from h(u) by sliding
one circle of h(u) past another circle of h(u), avoiding the
other upper and lower circles of h(.5).

Without loss of generality, we can assume that x € S\ {u,l} and 2/ €
S\ {u/,I'}. We arbitrarily orient the upper circles and lower circles of D
and D’. Denote by a = (a1, ..., aq4) the coloration of the diagram D by the
homomorphism f, and by o = (af,..., a;,) the coloration of the diagram

D' by the homomorphism f' = f o h '



Involutory Hopf group-coalgebras and flat bundles 263

By Theorem 6, it suffices to prove that the m-colored Heegaard diagrams
D and D’ are equivalent, i.e., that they are related by a finite sequence of
moves of types I-V (or their inverses) described in Section 2.1.

Note that, up to applying some moves of type II, we can assume that
the orientations of the upper and lower circles are transported by the hom-
eomorphisms h. Indeed, if we change the orientation of an upper circle u;
to its inverse, then the color a; = f([i]) is replaced by f([y;']) = a; ",
where 7; is a loop on (S, ) which crosses (in a positively-oriented way) the
upper circle u; in exactly one point and does not intersect any other upper
circle.

Suppose that D’ is obtained from D by a move of type A. Let 1 <i < g
and ~; be a loop on (S, ) which crosses (in a positively-oriented way) the
upper circle u; in exactly one point and does not intersect any other upper
circle of D. Then «} = h(~;) is aloop on (S’, z) which crosses (in a positively-
oriented way) the upper circle u; = h(u;) in exactly one point and does not
intersect any other upper circle of D’. Therefore

o = f'([n]) = f/([R(3)]) = [0 hu([n]) = f([7]) = .
Hence the w-colored Heegaard diagrams D’ and D are related by a move of
type L.

Suppose that D’ is obtained from D by a move of type B. Then the
colors of the upper circles u; and u; agree (by the same argument as above).
Therefore the m-colored Heegaard diagram D’ is obtained from the 7-colored
Heegaard diagram D by a finite sequence of moves of type I and III (by
decomposing the isotopy into two-point moves, see Section 2.1).

Suppose that D’ is obtained from D by a move of type C. Since v’ =
h(u) U {C4}, the color of the upper circle u; = h(u;) agrees with that of
the upper circle u; for any 1 < i < g = ¢’ — 1. Let o be a path connecting
the point z’ to the circle Cy which does not intersect any upper circle of D’.
Then the loop 0Co07! crosses C; in exactly one point and does not intersect
any other upper circle of D’. Set v = +1 if pCy0™! crosses C} in a positively-
oriented way, and v = —1 otherwise. Therefore

ay = f'([eC5e7"]) = ' ([oC207"))"-

Now the circle Cy is contractible in M’. Thus [pC20~!] = 1 € m (M, z') and
SO a;, =1 € 7. Hence the m-colored Heegaard diagram D’ is obtained from
the m-colored Heegaard diagram D by a move of type I followed by a move
of type IV.

Suppose that D’ is obtained from D by a move of type D. Since S’ = h(S)
and u' = h(u), the colors of the upper circles of D’ and D agree. Then the
m-colored Heegaard diagram D’ is obtained from the m-colored Heegaard
diagram D by a move of type I followed by a move of type V.
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h(7i) h(v;)

Fig. 13

Finally, suppose that D’ is obtained from D by a move of type E, i.e.,
v’ is obtained from h(u) by sliding a circle h(u;) past another circle h(u;).
Let b: I x I — S’ be a band which connects h(u;) to h(u;) (that is, b(I x I)
N h(u;) = b(0 x I) and b(L x I) N h(u;) = b(1 x I)) but does not intersect
any other circle. We can also assume that 2’ ¢ b(I x I). Then

wp = h(ug) #p h(uj) = h(u;) Uh(uj) Ub(I x OI) \ b(dI x I)

and ug is a copy h(u;) which is slightly isotoped so that it has no point in
common with «}. Set p = b(0,1/2) € h(u;) and ¢ = b(1,1/2) € h(u;). Up
to first applying a move of type II to w; and/or uj, we can assume that
the basis (dpb(-,1/2), dph(u;)) for T,S" is negatively-oriented and the basis
(dgb(+,1/2),dgh(u;)) for T,S" is positively-oriented. Then the orientations
of w} induced by h(u;) and h(u;) respectively coincide, and w] is endowed
with this orientation. Let 7; (resp. 7;) be a loop on (S, z) which crosses (in
a positively-oriented way) the upper circle u; (resp. u;) in exactly one point
and does not intersect any other upper circle of D nor the band h=1(b(I xI)).
Let o1: I — S’ be a path with 01(0) = 2/ and pi(1) = p which does
not intersect any upper circle of D’ and is such that (d,o1,dph(u;)) is a
negatively-oriented basis for T,,S". Let g2: I — S’ be a path with 02(0) = ¢
and g2(1) = 2’ which does not intersect any upper circle of D’ and is such
that (dgo2,dgh(u;)) is a positively-oriented basis for T;S" (see Figure 13).
Set 7; = h(vi) and v = 01b(+,1/2)02. They are loops on (S’,z"). The loop
~i (resp. 'y;) crosses in a positively-oriented way the upper circle u} (resp.
u’;) in exactly one point and does not intersect any other upper circle of D’.

J
Therefore

o = f'([vl) = f1([h(n)]) = f o hullmil) = flnl) = o,
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and, since 7} is homotopic (in M) to the loop h(v:)~'h(v;),

o = F([h(w) " h()]) = 1 o hal() ) = F(1al T l) = o5

Hence the m-colored Heegaard diagram D’ is obtained from the m-colored
Heegaard diagram D by a move of type I followed by a move of type V. This
completes the proof of (a).

To show (b)(i) of Theorem 9, let £ = (p: M — M) be a flat m-bundle over
a 3-manifold and 7, ' be two points in M which belong to the same path-
component. Consider a path ¥ in M connecting 7 to z’. Pushing 7 to 7’ along
7 inside a tubular neighborhood of Im(¥) in M yields a self-homeomorphism
of M which is an equivalence between the pointed flat w-bundles (£, x) and
(&, 7). Therefore Ky (¢,7) = Ky (&,7') by (a).

To prove (b)(ii), fix a flat 7-bundle & = (p: M — M) over a 3-mani-
fold M. Let Z, @ be two points in M. Set z = p(Z) and 2/ = p(7'). Since M
is connected, there exists a path v in M connecting = to 2. Let z € M be the
endpoint of the lift of v to a path that starts at . Since p(2) = 2/ = p(7'),
there exists § € 7 such that ' = 3 2.

Firstly, suppose that the monodromy f of & at z is surjective. Then
there exists a loop o based at z’ such that f([o]) = (. Denote by o the
lift of o to a path that starts at 2. Since 2’ = -2 = f([o]) - Z, the path
o ends at 2’. Finally, 30 is a path in M which connects 7 to 7. Hence
Ku(£,7) = Ku(&,7) by (b)(0).

Secondly, suppose that the Hopf m-coalgebra H is crossed (see Sec-
tion 1.6). Since ' = (- Z, the monodromies f3, fz: m(M,2’) — 7 of £
at 2 and 7’ are related by fz = Bf; 57! Let D = (S,u,l) be a Heegaard
diagram of genus g of M whose upper and lower circles are arbitrarily ori-
ented. Denote by Dy, and Dy, the m-colored Heegaard diagrams obtained
by coloring D with f; and f;. Since f3 = Bf; 57!, the colors of Dy, and
Dy, are conjugate. Therefore, by using Lemma 7 and then (b)(i), we get

KH(&%/) = KH(Df;E/) = KH(sz) = Kpu(§,2) = Ku(§, 7).

Finally, suppose that 7 is abelian. Then the Hopf mw-coalgebra H =
{Ha}aer is crossed (see Section 1.6) and so Kg(§,7) = Kg(§, ') by the
previous case. This completes the proof of Theorem 9.

4. EXAMPLES

In this section, we give some examples of computations of the scalar
invariant of flat bundles over 3-manifolds constructed in Section 3. Although
rather elementary, the Hopf group-coalgebras that we use here are sufficient
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to show that the invariant constructed in Section 3 is non-trivial. For more
elaborated examples of Hopf group-coalgebras, we refer to [13].

4.1. Example 1. As remarked by Vainerman [10], the Kac-Paljutkin
Hopf algebra A=C*@Matz(C), viewed as a central prolongation of F(Z/2Z),
leads to a finite type involutory Hopf Z/2Z-coalgebra H = {Hy, Hy} over C.
Namely, set Hy = C* and H; = Maty(C) as algebras. Let {e1, e2,e3,e4} be
the (standard) basis of Hy and {ej 1,e12,€2,1,€22} be the (standard) basis
of Hy. The counit e: Hy — C is given by e(e1) = 1 and e(e2) = e(e3) =
e(eq) = 0. The comultiplication is given by

Appler) =e1®er +ea®ea+e3®es+eq ® ey,
Agple2) =e1 ®ea+ea®er +e3® ey + eq R es,
Apples) =e1®ez +ez3®er +ea@eq +eq @ e,
Apoles) =e1 ®es+es@er +ea®es3+e3® e,
Agi(ern) =er®ep+ea®@ezo+e3®@er +e4 @ e,
Api(erp) =e1®eip—iea®eg —e3@ero+ies e,
Api(e21) =e1 ®ea1 +iea@ero —e3®ez 1 —ies @ ey,
Api(ezp) =e1 ®eap+ea®@ers +e3®@era+eq® e,
Aroler1) =e1@er +e2a®ex+e1,1 ez +e22 @ ey,
Ajplerp) =e1o®er+iex1 Qex—e1a@ez —iex] @ ey,
Ajple1) =ez1 ®er —ieja®ex —ex1 ®ez+iero® ey,
(e2,2)

L>

0(€22) =e220®e1+e11Qe2+e22R@e3+ €11 ey,
1
Arp(er) = 5(er1®@e11 +e22®@ez2+e12®e12 +e21 ®ean),
1 . .
Arp(er) =5(e11®eap+e22®er1 +ie1a®en —iexr ®ero),
1
Arp(es) =5 (e11®@e11 +e22®@e20 —e12®e12 —e21 ®ean),
A l s .
1,1(eq) = 5 (e11 ®e22+e22®er1 —iera®exr +iezr ®@eqp).

The antipode is given by Sp(ex) = ey, for any 1 < k <4 and Si(ex;) = e
for any 1 < k,1 < 2.

Let n > 1. There exists two flat Z/2Z-bundles £ and &} over the lens
space L(2n,1), whose monodromies f0, fl: 71 (L(2n,1)) = Z/2nZ — 7./27
are respectively given by f(1) =0 and fl(1) =

A Heegaard diagram {u1,[;} of genus 1 of the lens space L(2n, 1) is given,
on the torus T = R?/Z?, by uy = R(0,1) + Z? and I; = R(1,1/2n) + Z2.
Fix £ = 0,1 and set a = f¥(1) € Z/2Z. Denote by D, the m-colored
Heegaard diagram obtained from (T,{u;,l1}) by providing the circle u;
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with the color «. Then

Kinl€h) = (dim Ho) " K (Do) = 7 Kn(Da),

where Kg(D,) € C equals the tensor depicted in Figure 14(a).

Q,...,Q Mg —_— ..., My —>
2W-’t N7 Svt' N7
(a) Ku(Da) (b) Fo: Ho — H,
Fig. 14

Let F,: Hy — H, be the map defined in Figure 14(b). One easily
checks by hand that F,(z) = e(x)l, for all x € Hy. Then, using the
(co)associativity of the (co)multiplication, we get the equalities of Figure 15.

€ 1g
= Ao,a., oma = Ao, Pooi ma
2n times 2n times
Fig. 15

Therefore Kp (&%, ,) = Ky (€F) for any n > 1. Hence, by computing by
hand the values of Ky (&F) for 1 <n <4 and 0 < k < 1, we obtain

2 ifn=1(mod 2),
Ky =4 and Kg(¢)=<{ 4 ifn=0 (mod4),
0 ifn=3(mod4).

4.2. Example 2. We suppose that k is the field C of complex num-
bers. Let # and G be two finite groups, and ¢: G — 7 be a group ho-
momorphism. Then ¢ induces a Hopf algebras morphism F(7) — F(G),
given by f — f o ¢, whose image is central. Here F(G) = C% and F(n) =
C™ denote the Hopf algebras of complex-valued functions on G and 7 re-
spectively. By Section 1.2, this data leads to a Hopf m-coalgebra H? =

{Hgé)}a@r-
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Let us describe this Hopf m-coalgebra more precisely. Denote by (eg)gca
the standard basis of F(G) given by ey(h) = 64p,. Then, for any «, 5 € 7,
we have:
H? = Z Ceg,  maleg®ep) =dgpey for any g,h € ¢~ (a),
g€P~ o)

1o = Z egy  eleg) =641 forany g€ ¢ 1(1),
gedH o)

Aagpleg) = > en@e, forany g€ ¢~ (apf),

hep™(a)

keg=1(B)
hk=g

Saleg) =eg-1  forany g € o ().

Note that the Hopf m-coalgebra H? = {Hﬁf }aer is involutory and of finite
type. Since dim HY = #¢(1¢) = #ker ¢ is non-zero in the field C, the
invariant K¢ of pointed flat m-bundles over 3-manifolds is well defined.

PROPOSITION 10. Let (£,%) be a pointed flat mw-bundle over a 3-mani-
fold M. Then

Ko (§,7) = #{g: m(M,z) = G| pog = [},

where x is the image of T under the bundle map of & and f: m(M,x) — «
is the monodromy of £ at T.

Proof. Using the above explicit description of H?, one easily sees that,
for any a € 7 and g1,...,9m € ¢~ (a),

e .
gl__.\m 1l dtg=g==gn
egm"'/' “ 0 otherwise,
and for any a1,...,a, € 7 such that ay---a, = 1 and g1 € ¢~ (a1),...,
gn € ¢_1(an)a
€q1
Aal ..... Qp / = (dlm Hf)(sgr“gn,l'
€gn

Let (£,7) be a pointed flat w-bundle over a 3-manifold M. Let D =
(S,u,l) be a Heegaard diagram of genus g of M. Orient it and color it by
the monodromy f of £ at z. Denote by a = (a1, ..., aq4) the color of D. Let
w1, ..., wy be the words in the alphabet {X7,..., X} as in Section 2.1. For
any 1 < i < g, write w;(X1,...,X,) = XZ; x XZ::Z where ¢; ; = £1 and
1 < k;; < g. The non-zero factors of the tensor associated to a circle u; are
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of the form

Me, =1 where ¢; € o' (oy).
[ ma, 9i € 7o)

€g;
The non-zero factors of the tensor associated to a circle I; are of the form

€hi
A i n/ = (dim HY)6p: here i € ¢~ (ag”
I = (dim HY) Wi, 1 Where €0 (ay )

e
hi

Now, at each crossing, that is, for 1 < p < g and 1 < g < n,, the contraction
rule amounts to the equality of h} with gkm Therefore we get

K€, 7)
(dlde) Z Z ( H dlmH 5hp hP 1) ( H 6}157921;,3)
1<i<g  gicp N (ay) 1<p<g 1<p<g
1<j<ng ,; 1<g<ny

jeo )
Z Z < H 5wp(917---799)71)
1<i<g gi€gp~1(ey) 1<p<g
=#{(91,...,99) € GI | wi(g1,...,99) =1 and ¢(g;) = o, V1 <i < g}
=#{g: m(M,z) - G| pog=f}. n
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