QUANTUM INVARIANTS OF FLAT 2-BUNDLES
OVER 3-MANIFOLDS

KURSAT SOZER AND ALEXIS VIRELIZIER

ABSTRACT. We construct a scalar invariant of flat principal 2-bundles over
3-manifolds, with structure 2-group G, from an involutory Hopf algebra graded
by G. Expressing G in terms of a crossed module x and using the classification
of such 2-bundles via the classifying space By, this amounts to constructing
a homotopy invariant of maps from 3-manifolds to Bx. The construction of
the invariant relies on a combinatorial description of such maps by x-colored
Heegaard diagrams. When the corresponding map to By is nullhomotopic or,
equivalently, when the associated flat principal G-bundle is trivializable, the
invariant reduces to the Kuperberg invariant of the underlying 3-manifold.
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1. INTRODUCTION

Since the 1990s, deep connections between low dimensional topology and Hopf
algebras have emerged. Notably, the first quantum invariants of 3-manifolds were
constructed from the representation theory of quantum groups by Reshetikhin-
Turaev [RT] (using surgery presentations of 3-manifolds) and by Turaev-Viro [T'V]
(using triangulations of 3-manifolds). At the same time, Kuperberg derived
an invariant of 3-manifolds directly from a finite-dimensional involutory Hopf al-
gebra (using Heegaard diagrams of 3-manifolds). Since then, these invariants have
been generalized in several directions: using more elaborate algebraic input (such
as finite tensor categories) or considering 3-manifolds with extra structure (such as
bundle structures). In particular, following the program initiated by Turaev called
homotopy quantum field theory, the second author constructed in an invari-
ant of flat principal bundles over 3-manifolds from group graded involutory Hopf
algebras, which generalizes the Kuperberg invariant. In this paper, we generalize it
further: we construct an invariant of flat principal 2-bundles over 3-manifolds from
2-group graded involutory Hopf algebras.
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In higher gauge theory, principal 2-bundles categorify ordinary principal bun-
dles by replacing topological groups with topological 2-groups (see Appendix [A6).
Given a topological 2-group G, principal G-bundles over a topological space can be
described by local transition data, namely by G-valued Cech cocycles (see Appen-
dix [A9). Observe that if G is discrete, then G-valued Cech cocycles are locally
constant and principal G-bundles are automatically flat and have a unique flat
structure (see Appendix [ATT)).

Crossed modules describe (discrete) 2-groups and model connected homotopy
2-types. Recall that a crossed module is a group homomorphism x: £ — H
together with a left action of H on E satisfying H-equivariance and the Peiffer
identity. Every crossed module x canonically determines a (strict and discrete)
2-group G, and has a classifying space Bx which is a connected homotopy 2-type
(meaning that 7 (By) = 0 for all k£ > 3). It follows from Baez-Stevenson [BS] that
there is a canonical bijection between equivalence classes of principal G,-bundles
(which are all flat) and homotopy classes of maps to By. In particular, constructing
an invariant of principal G,-bundles over 3-manifolds amounts to constructing an
invariant of y-manifolds, which are pairs (M, g) where M is a 3-manifold and g is
a homotopy class of maps M — By.

To extend the Kuperberg invariant of 3-manifolds to an invariant of x-manifolds,
we need to extend the Heegaard presentation of 3-manifolds. To this end, we first
associate a crossed module (of groupoids) with any (generalized) Heegaard dia-
gram D of a 3-manifold M, and we express within this crossed module the taut
identities for D (corresponding to the attaching maps of the 3-cells, see [Si]). Then
a x-labeling of D is a morphism from this crossed module to x which is com-
patible with the taut identities (see Section B). We prove that the set [M, Bx]
of homotopy classes of maps M — By is canonically identified with the set of
gauge equivalence classes of y-labelings of D (see Theorem [B]). Thus, y-Heegaard
diagrams (which are Heegaard diagrams endowed with a x-labeling) give a com-
binatorial description of y-manifolds (and therefore of principal G,-bundles over
3-manifolds). We illustrate this description with explicit computations for lens
spaces and the Poincaré homology sphere. Furthermore, we give a colored version
of the Reidemeister-Singer theorem: two y-colored Heegaard diagrams represent
equivalent y-manifolds if and only if they are related by a finite sequence of x-moves
(see Theorem B.2]).

Hopf algebras graded by the 2-group G, called Hopf x-coalgebras and introduced
in [SV2], serve as algebraic input for our construction of invariants of y-manifolds.
These are Hopf H-coalgebras (in the sense of [Vil]) endowed with an action of G, .
We prove that any finite-type involutory Hopf x-coalgebra A (over a field k) has
canonical two-sided integrals (see Lemma[T]) and we use them to assign a scalar to
each x-colored Heegaard diagram (see Section[5.1)). Our main result (Theorem [5.1])
establishes that this scalar is independent of all choices and defines an invariant

Ka(M,g) €k

of x-manifolds, and thus an invariant of (flat) principal G, -bundles over 3-manifolds.
We give examples showing that this invariant is nontrivial. In the special case
where E = 1, it corresponds to the invariant of (flat) principal H-bundles over
3-manifolds defined in [Vi2], while for a trivializable G,-bundle it reduces to the
Kuperberg invariant (associated with the neutral component of A) of the underlying
3-manifold.

The paper is organized as follows. In Section 2] we first recall background on
crossed modules and their classifying spaces. Then we relate principal G,-bundles
to y-manifolds. In Section B we encode y-manifolds using y-Heegaard diagrams
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and their y-moves. In Section [ we review Hopf y-coalgebras and give some ex-
amples. In Section Bl we construct from a finite-type involutory Hopf y-coalgebra
a topological invariant of x-manifolds (via x-Heegaard diagrams). Appendix [A]
reviews the principal 2-bundles over topological spaces, including their Cech de-
scription and flatness. In Appendices [Bl and [C], we collect necessary background on
crossed modules and crossed complexes of groupoids, culminating in the homotopy
classification theorem which relates maps to classifying spaces with morphisms of
crossed complexes.

We fix throughout the paper a field k. We denote by |A| the cardinality of a
finite set A. For sets A and B, we denote by Map(A4, B) the set of maps A — B.
For topological spaces X and Y, we denote by [X,Y] the set of homotopy classes
of continuous maps X — Y. By an n-manifold, we mean a smooth manifold of
dimension n.

2. CROSSED MODULES, CROSSED MANIFOLDS, AND CROSSED BUNDLES

In this section, we first review crossed modules and their classifying spaces. Then
we introduce the equivalent notions of crossed manifolds (which are 3-manifolds
endowed with a homotopy class of maps to the classifying space of a crossed module)
and crossed bundles (which are principal 2-bundles over 3-manifolds with structure
2-group induced by the crossed module).

2.1. Crossed modules. Crossed modules encode (strict) 2-groups, see Appen-
dix [A3l A crossed module is a group homomorphism x: E — H together with a
left action of H on E (by group automorphisms), denoted by
(x,e) e HX E— "e€ E,
such that y is equivariant with respect to the conjugation action of H on itself and
satisfies the Peiffer identity, that is, for all x € H and e, f € F,
x(*e) = ax(e)z~" and XOf =efe !,

These axioms imply that the image Im() is normal in H and that the kernel Ker(x)
is central in E and is acted on trivially by Im(x). In particular, Ker() inherits an
action of H/Im(x) = Coker(x).

A morphism from a crossed module xy: E — H to a crossed module u: F — K
is a pair (¢: E — F,p: H — K) of group homomorphisms such that

p(©(e) = o(x(®)) and $(%e) = “y(e)
forallee E and z € H.
2.2. Classifying spaces of crossed modules. A fundamental geometric example

of a crossed module is due to Whitehead: if (X,Y") is a pair of pointed topological
spaces, then the homotopy boundary map

HQ(X,Y) =0: WQ(X,Y) — 7T1(Y),

together with the standard action of 71 (Y) on m3(X,Y), is a crossed module.
Conversely, there exists a classifying space functor B (see [BH]) that assigns to

each crossed module x: E — H a connected, reduced] CW-complex By, containing

a canonical subcomplex BH which is a classifying space of the group H, such that

Iy(Bx, BH) = x.
The classifying space By is a homotopy 2-type:
m1(Bx) = Coker(x), ma(Byx) = Ker(x), m(Bx)=0 fork>3.

N CW-complex is reduced if it has a single 0-cell, which then serves as a basepoint.
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If X is a reduced CW-complex, then there is a map X — BIIx(X, X!) inducing
isomorphisms on 71 and 7y, where X! is the 1-skeleton of X. It follows that crossed

modules model all pointed connected homotopy 2-types (as originally proved by
MacLane and Whitehead [MW]).

2.3. Examples. 1. Given any normal subgroup E of a group H, the inclusion
E — H is a crossed module with the conjugation action of H on E. Its classifying
space is an Eilenberg-MacLane space of type K(H/E,1).

2. If E is an abelian group, then the trivial map £ — 1 is a crossed module. Its
classifying space is an Eilenberg-MacLane space of type K (F,2).

3. Let H be a group acting (by group automorphisms) on an abelian group E.
Then the trivial morphism y: E — H, defined by x(e) = 1 for all e € E, is a
crossed module. Note that the action of 71 (Bx) = H on ma(Bx) = E is the given
action of H on E, and so By is homotopy equivalent to K(H,1) x K(FE,2) if and
only if this action is trivial.

4. For any group F, the homomorphism x: E — Aut(FE) sending any element
of E to the corresponding inner automorphism is a crossed module. Note that
m1(Bx) = Out(E) and m2(Bx) = Z(E).

2.4. Crossed manifolds. Let x be a crossed module. A y-manifold is a pair
(M, g) where M is a closed connected oriented 3-manifold and g € [M, Bx] is a
homotopy class of continuous maps M — By.

Two y-manifolds (M, g) and (M’,g’) are equivalent if there is an orientation
preserving diffeomorphism v : M — M’ such that ¢g'¢ = g.

By a topological invariant of y-manifolds, we mean a quantity associated to
x-manifolds which remains unchanged under the above equivalence relation.

2.5. Crossed bundles. Let x be a crossed module. Denote by G, its associated
(discrete) 2-group (see Appendix [A3)). A x-bundle is a pair (M, n) where M is
a closed connected oriented 3-manifold and m: P — M is a principal Gy-bundle
over M (see Appendix [AJ6). Note that any principal G,-bundle is flat and has a
unique flat structure (see Appendix [ATT)).

Two x-bundles (M, ) and (M’',n") are equivalent if there is an orientation pre-
serving diffeomorphism ¢: M — M’ such that the principal G, -bundles ¢, 7 and 7/
over M’ are equivalent (see Appendix[A.6]). Here the principal G,-bundle ¢, 7 is de-
fined as the composition of 7: P — M with the continuous functor (1, v): M — M’
(see Appendix [A2).

By a topological invariant of x-bundles, we mean a quantity associated to x-bun-
dles which remains unchanged under the above equivalence relation.

2.6. Crossed manifolds vs crossed bundles. Let x be a crossed module and G,,
be its associated 2-group. Given a 3-manifold M, denote by P(M,G,) the set of
equivalence classes of (flat) principal G,-bundles over M. Recall that [M, Bx]
denotes the set of homotopy classes of continuous maps M — By. Since M is a
paracompact Hausdorff space admitting good covers, it follows from Appendix [A.1]]
that there is a canonical bijection

P(M,Gy) = [M, By].

This induces a canonical bijection between the set of equivalence classes of y-bundles
and the set of equivalence classes of x-manifolds. In particular, constructing a topo-
logical invariant of y-bundles corresponds to constructing a topological invariant of
x-manifolds.
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3. COLORED HEEGAARD DIAGRAMS

Throughout this section, x: E — H is a crossed module. We introduce the
notion of a y-labeling of a (generalized) Heegaard diagram of a 3-manifold. To this
end, we first associate a crossed module (of groupoids) with a Heegaard diagram
and provide an algorithm to extract taut identities. We then prove that gauge
equivalence classes of x-labelings encode homotopy classes of maps from 3-manifolds
to the classifying space of x (see Theorem B.1l). In particular, y-Heegaard diagrams
(which are Heegaard diagrams endowed with a x-labeling) give a combinatorial
description of x-manifolds (and hence of y-bundles). Finally, we prove that two
x-Heegaard diagrams represent equivalent y-manifolds if and only if they are related
by a finite sequence of y-colored Heegaard moves (see Theorem [B.2]).

3.1. Heegaard diagrams. By a planar surface, we mean a 2-dimensional manifold
which can be embedded in the plane. A Heegaard diagram is a triple D = (X, U, L),
where:

e Y is a closed, connected, oriented surface,

e [/ is a finite set of pairwise disjoint simple closed curves on X, called the
upper circles,

e L is a finite set of pairwise disjoint simple closed curves on X, called the
lower circles,

such that both ¥\ and ¥\ £ are a disjoint union of planar surfaces and the upper
and lower circles intersect transversely at a finite set of points, called the intersection
points of D. For u € U, we denote by |u| the number of intersection points of D
lying in w. Likewise, for [ € £, we denote by |I| the number of intersection points
of D lying in [. Then the total number of intersection points of D is computed by

Sl = Y10

ueU lel

In the literature, it is often also required that both 3\¢/ and X\ £ are connected
(or equivalently that the number of upper circles and the number of lower circles
are equal to the genus of ¥). The (generalized) definition given above follows that
of [Ku| and is necessary for our purposes (see Section [315)).

A Heegaard diagram is oriented if all its upper and lower circles are oriented.
The intersection points of an oriented Heegaard diagram D = (X,U, £) have a sign
defined as follows. An intersection point s between an upper circle u and a lower
circle [ is positive if u intersects [ positively at s and is negative otherwise:

S l S l
(R DIRL) U A » O
S positive S negative

A Heegaard diagram is pointed if each lower circle is equipped with a basepoint
distinct from the intersection points.

3.2. Crossed modules from Heegaard diagrams. We associate to any ori-
ented pointed Heegaard diagram D = (X,U, £) a crossed module of groupoids (see
Appendix [B)) in the following way.

Any upper circle u € U determines two (possibly coinciding) connected compo-
nents ¢ and ¢! of ¥ \ U which are adjacent to u and where the subscript + is



6 KURSAT SOZER AND ALEXIS VIRELIZIER

determined by the orientation of u and ¥ as follows:

Consider the oriented graph I's;y; whose set of vertices is the set mo(X \ U) of
connected components of 3 \ U and whose set of edges is U, where each upper
circle u is viewed as an oriented edge from c* to c%. Note that I's s is connected.
Denote by Fx. iy the free groupoid on 'y (see Appendix [B.2)).

Each lower circle [ determines an endomorphism w; of Fxys as follows. Let
uy,...,u be the upper circles encountered by [ when making a round trip along [
starting from its basepoint and following its orientation, and let v4, ..., v, be the
signs of the corresponding intersection points (see Section Bl). Denote by ¢; the
connected component of 3 \ U containing the basepoint of {. Then

w=uyt-ut € Feyla).

By Appendix [B.6] the induced map w: £ — Fxny gives rise to the free crossed
module on w, denoted here as:

VD: ]:D = {-FD(C)}ceﬂ'o(Z\u) — ]:271/{.

Recall that Fp is a quotient of the free groupoid Pp = {Pp(c)}eeny(z\u), Where
Pp(c) is the free group on the set of pairs (z,1) with | € £ and = € Fxu(c, ¢).
Explicitly, for ¢ € mo(X \ U), the group Fp(c) is the quotient of Pp(c) by its
subgroup generated by the Peiffer commutators (see Appendix [B.6)). Let us denote
by (f) € Fp(c) the class of an element f € Pp(c). Then

vp({z,1)) = zwz™' and  Y(x,1) = (yx,1)

for all generators (z,1) of Pp(c) and all y € Fx gy with t(y) = s(z). By construction,
the crossed module vp: Fp — Fxyy is free with free basis {Bs = {b; }iec, B1 = U},
where b; = ((1.,,1)) € Fp(ar).

Consider the 2-dimensional CW-complex Xp associated with the above presen-
tation of vp. Its O-skeleton is the set X% = mo(3 \ U), its 1-skeleton X}, is the
geometric realization of the graph I's s, and Xp is obtained by gluing for each
lower circle [ a 2-cell to X%, according to w;. Note that Xp is connected and
that there is a canonical isomorphism of crossed modules (of groupoids) between
vp: Fp = Fxyu and the fundamental crossed module

02
m2(Xp, Xp) = {m2(Xp, Xp, ) }eexs > m(Xp) = {m(Xp, )} eexo
of the triple (Xp, X1, X%) induced by the usual boundary maps.

3.3. Heegaard diagrams of 3-manifolds. Let ¥ be a closed connected oriented
surface and £ be a finite set of pairwise disjoint simple closed curves on ¥ such
that 3\ £ is a disjoint union of planar surfaces. The pair (X, L) gives rise to an
oriented handlebody Hy » with boundary d(Hx ) = ¥ as follows. Consider the
3-manifold ¥ x [0,1]. Glue a 2-handle along a tubular neighborhood of each circle
I x {0} with [ € £. The result is a compact connected 3-manifold whose boundary
is ¥ x {1} = ¥ plus a disjoint union of |mo(3 \ £)| spheres. We eliminate these
spherical boundary components by gluing in 3-balls to obtain Hx .. We endow
Hyx, o with the orientation extending the product orientation of ¥ x [0, 1].

Any Heegaard diagram D = (X,U, L) gives rise to the closed connected oriented
3-manifold

Mp =Hs ¢ U(—Hz,u),
S
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where —Hy 14 denotes Hyx 14 with the opposite orientation. In particular, the surface
3 is a splitting surface for Mp, meaning that it cuts Mp into two handlebodies.

A Heegaard diagram of a closed connected oriented 3-manifold M is a Heegaard
diagram D = (3,U, L) together with an embedding of ¥ in M which extends to an
orientation preserving diffeomorphism Mp = M.

Any closed connected oriented 3-manifold has a Heegaard diagram. Moreover,
the Reidemeister-Singer theorem asserts that two Heegaard diagrams give rise to
diffeomorphic oriented 3-manifolds if and only if one can be obtained from the other
by a finite sequence of Heegaard moves, see Section 314

3.4. Taut identities of Heegaard diagrams. Let D = (X,U, £) be an oriented
pointed Heegaard diagram. Denote by M = Mp the closed connected oriented
3-manifold associated with D (see Section B3]). Following [HMS, Chapter 8], the
2-dimensional CW-complex Xp associated with D (see Section B2 embeds in M
in such a way that M \ Xp is a disjoint union of open 3-balls. This gives rise to
a CW-decomposition of M with 2-skeleton Xp. In particular, this decomposition
of M has |mo(X \ U)| = 1 + |U| — genus(X) O-cells, |U| 1-cells, |L] 2-cells, and
[mo(2\ £)] = 1+ |£] — genus(X) 3-cells. Consider the free crossed complex (of
groupoids)

TM* = (- = 1= 1= mg(M, M?) 5 7y (M2, MY) &5 7y (MY)).

associated with the skeletal filtration of M* = {M° C M! C M? C M} of M (see
Appendix [CH). In particular, w3(M, M?) is a free 71(M )-module with free basis
B3 = {ho}oeny(\z) Obtained by picking a basepoint on the boundary of each 3-cell
and then taking the homotopy classes of the characteristic maps of the 3-cells of M.
It follows from Section that the cellular homeomorphism Xp = M? induces an
isomorphism of crossed modules (of groupoids)

o (M2, MY) —Z = 7 (M)

77lIZ iIZ

Fbp Fsu-

Recall that Fp is the quotient of the free groupoid Pp by the Peiffer commutators
and that the class of an element f € Pp is denoted by (f) € Fp. By a representative
set of taut identities for D, we mean a family 7 = {7, } s, (\z) Of elements of Pp
such that for all 0 € mo(X\ £),

<Tg> = 7783(hg) e Fp.

Note that any two taut identities associated with o are related by a Peiffer commu-
tator (since they represent the same class in Fp) and by the action of Fx s (due
to the choices of basepoints for the 3-cells to define Bs).

The following procedure explains how to find a taut identity associated with a
component o € m(X \ £). Pick a point m in the interior of o distinct from the
upper circles (which serves as a basepoint for the 3-cell associated with o). Each
connected component b of the boundary do of ¢ comes from the cutting of ¥ along
some lower circle l. It inherits an orientation and a basepoint from [,. Pick an
arc 7, in o starting at m and ending at the basepoint of b:
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We require that the arcs {7 }sery(a0) intersect the upper circles transversally and
intersect each other only at their initial point m. Set €, = +1 if the orientation
of b coincides with that induced] by the orientation of o (inherited from X) and
gp = —1 otherwise. Denote by ¢,, the connected component of X\ U containing m.
Recall that ¢;, denotes the connected component of ¥\ U containing the basepoint
of l. Set
rp=uit - uy € Feu(em, )

where uj,...,us are the upper circles encountered by 7, when traveling along it
from m, and vq,...,vs are the signs of the intersection points of the upper circles

with ~:
)
U; 4 o
Vi

=-1
Enumerate the boundary components of o by b1, ..., b, so that vp,,...,7, are the

arcs successively encountered while traversing a small loop negatively encircling m
and starting from any point on that loop:

U; Y

)
[ oV
+1

Vv, =

Vo,

a0

Then

Te = H(’I‘bk,lbk)sbk S PD(Cm).
k=1
Note that any other choice of the point m, of the curves 3, and of the point on
the loop used to enumerate the boundary components of ¢ gives rise to another
taut relation which is related to the above by Peiffer commutators and the action
of Fx 4. We illustrate this procedure in the next two examples.

3.5. Example. (Poincaré’s homology sphere) Consider the Heegaard diagram on
a genus 2 surface ¥ used by Poincaré to define his celebrated homology 3-sphere P
(see [Pd]). Tt has two upper circles uy,us and two lower circles ly,ls. The only
connected component o of 3\ {l1,l2} is the planar surface o depicted as:

The arrows and the dots represent the orientations and basepoints of the circles.
The points 1,- -+, 7 (respectively, a,--- ,¢e) are the intersection points between the

2We use the “outward vector first” convention for the induced orientation of the boundary.
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upper circles and the lower circle 1 (respectively, l3). The four connected compo-
nents of the boundary of o are denoted I}, 1,15 ,l; in such a way that lii arises
from cutting X along /; and ;= = £1. The elements associated with the lower

circles (as in Section B.2)) are

1 1 1

4 -1 -1 — 1, —-1.2
Wiy = Uy Up Uy

-1 -1 -
and wi, = U] Uy U] U

For the choice of y-curves depicted in red, we get

Ty = ufl, T = 1, T = ugul, T = uflug.
Enumerating the curves from 7 to 74 (in accordance with the opposite orientation
of o), we obtain the taut identity

To = (L) (uy 1) (uy 'ud, bo) ™ (ugun, o).

3.6. Example. (Lens spaces) Let p and ¢ be coprime integers with 1 < ¢ < p. The
lens space L(p, ¢) has an oriented pointed Heegaard diagram on a genus 1 surface ¥
with one upper circle © and one lower circle . The only connected component o
of ¥\ {l} is the planar surface o depicted as:

p ™
1

q+1 . q .

)/

The arrows and the dots represent the orientations and basepoints of the circles.
The points 1, - - - , p are the intersection points between u and [. The two connected
components of the boundary of o are denoted I™ and [~ so that g;+ = 1. The
element associated with the lower circle (as in Section [3.2)) is

w; = uP.
For the choice of y-curves depicted in red, we obtain the taut identity

To = (1,07 (u?,1).

3.7. Labelings of Heegaard diagrams. Recall that y: E — H is a crossed
module of groups (and so of groupoids by viewing any group as a groupoid with one
object). In this section, we introduce y-labeled Heegaard diagrams and prove that
they encode homotopy classes of maps from closed 3-manifolds to the classifying
space By of x.

Let D = (3,U,L) be an oriented pointed Heegaard diagram. Consider the
groupoid Fyxy freely generated by U (see Section B2). Any map a: U — H
determines a unique groupoid morphism &: Fs gy — H such that a(u) = a(u) for
all u e Y.

A x-labeling of D is a pair (o, ) € Map(U,H) x Map(L, E) satisfying the
following two conditions:

(i) For any lower circle | € L,

x(8(1)) = a(w)
where w; € Fxyy is defined in Section B.21
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(ii) For every element [, _, (7%, lx)?* of a representative set of taut identities

for D,
I1(°"sa0)" =1

k=1
We prove below (see Theorem[3.T]) that this definition does not depend on the choice
of the representative set of taut identities in (ii). For examples of x-labelings, see
Sections [3.10] and [3.12] below.
The gauge group of D is
Gp = Map(mo(Z\U), H) x Map(U, E)

with product defined by (a, d)(a’,d") = (a”,d") where
a’(c) = a(e)a’'(c) and d"(u) = (a/(cﬁ)ild(u)) d' (u)

for all ¢ € mo(X \U) and u € U. (The notation c; and ¢; associated with upper and
lower circles is defined in Section B21) The group Gp acts (on the left) on the set
of x-labelings of D as follows: for any (a,d) € Gp and any x-labeling (a, 8) of D,
the x-labeling (o/, 8') = (a,d) - («, 8) of D is defined for all u € U and | € L by

o/ (u) = a(c x(d(w)a(w)a(ct) " and  F'(1) = "(dalw) B(1).

Here d,, is the derivation over the groupoid morphism &: Fx gy — H extending d,
that is, the (unique) map do: Fxy — E such that

do(u) = d(u) and  da(ww') = do(w) *“da (W)
for all u € U and w,w’ € Fxny with t(w) = s(w’). Note that do(f) = 1 and
da(u) =" (d(w)Y).

Two x-labelings of D are gauge equivalent if they belong to the same orbit under
the action of the gauge group Gp.

Theorem 3.1. Let M be a closed connected oriented 3-manifold and let D be
an oriented pointed Heegaard diagram of M. The notion of a x-labeling of D is
well-defined, as well as the action of the gauge group Gp on the x-labelings of D.
Moreover, there is a canonical bijection

[M, Bx] = {x-labelings of D}/Gp

between the set of homotopy classes of maps M — By and the set of gauge equiva-
lence classes of x-labelings of D.

Proof. We use the notation of Sections and B4l Recall from Section B.3] that
the embedding of the surface underlying D into M extends to a diffeomorphism
Mp = M. This diffeomorphism transports the CW-decomposition of Mp defined
in Section [3.4] into a CW-decomposition of M, whose associated skeletal filtration
is denoted by M*. It follows from Section [B.4] that the free crossed complex ITM*
(see Appendix [C.§)) is canonically isomorphic to the free crossed complex

Myp = (- = 11— m(M, M2) "2 Fpy 225 Foy).
Consider the free basis

B. = {Bs = {ho}oer,\z)» B2 = {bi}hiec, By =U}

of Ips,p, where {B2, B1} is the free basis of vp defined in Section B2 and Bs is the
basis of m3(M, M?) defined in Section B4l Note that the crossed module x induces
the crossed complex

X=(--—=1=-1—=EX%H).
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By the homotopy classification theorem (see Appendix [C.9), [M, B] is in canon-
ical bijection with [IIM*, Y] and so with Il p,x]. (Here, we denote by [C,C’]
the set of homotopy classes of morphisms of crossed complexes from C to C’, see
Appendix [C.6l) Since X has a single object, it follows from Appendix that
a morphism f = {f,}n>1 of crossed complexes IIM* — ¥ is fully determined by
maps a: U — H and B: L — E, with a(u) = f1(u) and S(I) = f2(b;), such that for
alll € L and 0 € (2 \ £),

x(B() = filvp(br)) and  fa(nds(hs)) = 1.

Since f1 = &, vp(b;)) = wi, and nds(hs) = (7o), these two conditions correspond
to Axioms (i)-(ii) of a x-labeling of D. Consequently, there is a canonical bijective
correspondence between morphisms ITM* — X of crossed complexes and y-labelings
of D. Now a homotopy between two morphisms ITM* — ¥ is fully determined by
its values on B, and so by an element of Gp. Moreover, the groupoid structure
of homotopies and its action on morphisms of crossed complexes correspond to
the group structure of Gp and its action on x-labelings of D (which is then well-
defined). Hence there is a canonical bijection between the set [M, B] and the set
of gauge equivalence classes of y-labelings of D.

It remains to prove that Axiom (ii) in the definition of a y-labeling of D does not
depend on the choice of the representative set of taut identities for D. Any different
choice of basepoints for the 3-cells of M induces another basis By = {h/, }ser,(2\2)
of the free 7 (M )-module m3(M, M?). Let 7 and 7/ be representative sets of taut
identities for D with respect to B3 and Bj, respectively. Given o € mo(2 \ £),
we need to prove that fo((7.)) = 1 if and only if f3((r,)) = 1. By considering
a path connecting the basepoints of the 3-cell corresponding to o and using that
w1 (M) 2 Fy 1 /Im(vp), there exists w € Fx 1y such that b, = “h,. Then

() = 003(hy) = nd3("ho) = " (nds3(ho)) = “(75)
and so
Fa((75)) = fo("(70)) = 11 fo (7).
We conclude using that H acts on E by group automorphisms. (I

3.8. Particular cases. 1. Given a group G, the group homomorphism 1 — G is a
crossed module and B(1 — G) = BG is the classifying space of G. We recover from
Theorem B.] that for any closed connected oriented 3-manifold M, the set [M, BG]|
of homotopy classes of maps M — BG is in bijection with the set of conjugacy
classes of group homomorphisms m (M) — G.

2. Let M be a closed connected oriented 3-manifold and F be an abelian group.
Recall that £ — 1 is a crossed module. Pick an oriented pointed Heegaard diagram
D = (%,U, L) of M such that both ¥\ ¢/ and ¥\ £ are connected. Then the set
of (E — 1)-labelings of D is in bijective correspondence with the set Map(L, E).
The gauge group of D is Gp = Map(U, E') with pointwise multiplication. It acts on
Map(L, E) by d- 8 = ' with 8/(1) = d(w;)B(1) for all | € £, where d: Fxy — E is
the group homomorphism extending d. The fact that B(E — 1) is a K(E, 2)-space
and Theorem [B.] imply that there are bijections

H?*(M,E) = [M,B(E — 1)] 2 Map(L, E)/Map(U, E).

3.9. Relation with 2-bundles and Cech cohomology. Let M be a closed con-
nected oriented 3-manifold and G, be the 2-group associated with the crossed mod-
ule x (see Appendix [A3)). Pick an oriented pointed Heegaard diagram D of M.
Consider the bijections given in Appendix[A.TTlbetween the set P(M, G, ) of equiva-
lence classes of principal G,-bundles over M, the Cech cohomology H (M, Gy ) with
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coefficients in G, and the set [M, By]. Composing it with that of Theorem [B1]
yields canonical bijections

P(Mv gX) = H(Mv gX) = ED/gDﬂ

where £p is the set of x-labelings of D.

3.10. Example. Consider the lens space L(p, ¢) and its Heegaard diagram D given
in Section A x-labeling of D is encoded by a pair (x,e) € H x E such that
x(e) = aP and e_l(c”qe) = 1. Since *'e = X(®)¢ = ¢ and the integers p and ¢ are
coprime, the latter condition is equivalent to e = e. Then the set of y-labelings
of D is in bijection with the set

£p = {(90,6) €eHxE ] x(e) = 2P and “e = e}_
The gauge group of D is Gp = H x E with product (a,d)(a’,d") = (aa’, (alild)d’)_
It acts on £p by

(a,d) - (z,e) = (ax(d)zail, a(d(zd) e (I(pil)d)e)).

By Theorem B] the set of homotopy classes of maps [L(p,q), Bx] is in bijection
with the set of orbits £5/Gp. Denote by [z,e] € £5/Gp the class of (z,e) € £p
and by gz.¢ € [L(p,q), Bx] the corresponding homotopy class, so that
[L(pv Q>5BX] = {g[z,e] | [5676] € 2D/gD}
Note that when H is trivial, and so F is abelian, it follows from Section that
H*(L(p,q),E) = E/EP

where EP = {eP | e € E} acts on E by left multiplication.

3.11. Example. Given a lens space L(p,q), let us describe the computations of
Section for the following explicit crossed module. (We keep notation from
that section.) Consider the (additive) group Z/2Z = {0,1} which acts on the
(additive) group Z/4Z = {0,1,2,3} by 2 = i and 'in = —n. Then the trivial
group homomorphism y: Z/4Z — 7 /27, sending @ to 0, is a crossed module (see
the third example of Section 23)). Then

Lp ={(z,n) € 2/2Z x 7/4Z ’pz =0 and (-1)*n =n}

and the group Gp = Z/2Z x Z /AZ has product (a,d)(a’,d') = (a+d/,(=1)*'d + d")
and acts on £p by

(a,d) - (z,n) = (z,(—1)%(ked +n)) with kg =p and k1 = (1 — (=1)7)/2.
It follows that

5 if p =0 (mod4),
[L(p,q), BX]| = |€p/Gp| = { 4 if p=2(mod4),
1

otherwise,
and

{910, 910,11 90,31 90,0, 9,31} if p= 0 (mod 4),
[L(p,q), BX] = < {910,0], 90,11 901,51 91,3 } if p = 2 (mod 4),
910,0] otherwise.
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3.12. Example. Consider the Poincaré homology sphere P and its Heegaard dia-
gram D given in Section The set of y-labelings of D is in bijection with the
set £p of tuples (z,y, e, f) € H?> x E? satisfying
-1,.-1, — -1, —-1_.— - z7L\ (27 3\ 1y
x(e) =aty a7y x(f) =27y, (e (T e) (T V) () =1
The gauge group of D is Gp = H x E? with product
(a,d, 1)(a', d',1') = (ad’, (" d)d', (D)),
It acts on £p by (a,d, 1) (z,y,e, f) = (ax(d)za™t, ax(ya~!,"(we),"(w'f)) where
z 220 a3 oty In =1 fpdy—le— 1t —1 gy~
w=d ()" (T T d) (7
= Y T Ty Ty,
By Theorem 1] the set of homotopy classes of maps [P, Bx] is in bijection with
the set of orbits £5/Gp.

1171y71l)_1
)

3.13. Colored Heegaard diagrams. A x-Heegaard diagram is a Heegaard dia-
gram endowed with a y-labeling (in the sense of Section B7)). Any x-Heegaard
diagram (D, (o, B)) defines a x-manifold (Mp, ga,3), where Mp is the 3-manifold
associated with D (see Section B3)) and go,g € [Mp, Bx] is the homotopy class
induced by the x-labeling (a, 8) of D as in Theorem Bl

A x-Heegaard diagram of a x-manifold (M, g) is a x-Heegaard diagram (D, (a, 8))
such that D is a Heegaard diagram of M and the orientation preserving diffeomor-
phism Mp = M (induced by the embedding of the splitting surface into M) is an
equivalence between (Mp, go,g) and (M, g). It follows from Theorem Bl that every
x-manifold has a y-Heegaard diagram.

3.14. Colored Heegaard moves. The Reidemeister-Singer theorem asserts that
two Heegaard diagrams give rise to diffeomorphic oriented 3-manifolds if and only
if they are related by a finite sequence of the following Heegaard moves (and their
inverses): diffeomorphism of the surface, isotopy of the diagram (two-point move),
stabilization, and handle slide (sliding a circle past another). We extend this result
to x-Heegaard diagrams and y-manifolds (see Theorem [3.2] below). To this end, we
first introduce a colored version of the Heegaard moves. Each of the moves below
transforms a y-Heegaard diagram (D = (X,U, L), (o, B)) into another y-Heegaard
diagram (D', (¢/, 8')).
(i) Orientation preserving diffeomorphisms of ¥. Let ¢: ¥ — ¥ be an
orientation preserving diffeomorphism. The resulting y-Heegaard diagram is
(D' = (D), (', ")), where (D) = (Y(X),vU),¥(L)) and the labels are
transferred via the diffeomorphism: for all u € i and [ € L,

o (Y(u) = a(u) and B'(y(1)) = B(Q).
(il) Moving basepoints. This move consists of moving the basepoint of a lower
circle [ across an intersection point s by following its orientation:

The new label of [ is

a(u)™ve)
By ="""""8)
where vy € {1,—1} is the sign of s (see Section [BI]). The labels of all other
circles remain unchanged.

(iii) Orientation reversal. This move reverses the orientation of an upper or a
lower circle and replaces its label by its inverse.



14

KURSAT SOZER AND ALEXIS VIRELIZIER

(iv) Two-point move. This move is an isotopy (in general position and away from

the basepoints) between an upper circle u € U and a lower circle [ € L:

A
Throughout this move, the labels of all circles remain unchanged. Note that
one of the added intersection points is positive and the other one is negative.
Stabilization. This move removes a disk from ¥ which is disjoint from all
upper and lower circles and replaces it by a punctured torus with one upper

circle and one lower circle. One of them corresponds to the standard meridian
and the other to the standard longitude of the added torus:

The added lower circle is endowed with arbitrary orientation and basepoint.
The added upper circle is oriented in such a way that the added intersection
point is positive. The added lower circle is labeled by an element e € E and
the added upper circle is labeled by x(e) € H.

(vi) Handle slide of upper circles. This move slides an upper circle u; over

another upper circle ug. Pick a band b on ¥ which connects u; to uy and
does not cross any other circle. We assume that the connected components ¢**
and ¢ agree (see Section B2)) and that the band b lies in this component.
(This is always possible after orientation reversal of the circles.) The circle ug
is replaced by the band sum u} = w;#pue and inherits the orientation from w;.
The circle ug is replaced by a copy u) of itself (with the same orientation)
which is slightly isotoped such that it has no point in common with w:

b
‘ — :
[ Us uf

Here the small arcs represent parts of the lower circles intersecting u; and wus
and the orientation of b is inherited from Y. The labels of new circles are

() =alur) and o (uh) = a(uy) ta(us).

The labels of all other circles remain unchanged.

(vii) Handle slide of lower circles. This move slides a lower circle [; over another

lower circle l5. Pick a band b on ¥ which connects [ to lo and does not cross any
other circle. We assume that b connects [y to ls just before their basepoints
and that the orientations of I; and Iy induce the same orientation on their
band sum along b. (This is always possible after moving basepoints and/or
orientation reversal of the circles.) The circle Iy is replaced by the band sum
1 = l1#+l2 and inherits the orientation and basepoint from ;. The circle I5 is
replaced by a copy I} of itself (with the same orientation and basepoint) which
is slightly isotoped such that it has no point in common with ]:

b
— .
ll 12 lll
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Here the small arcs represent parts of the upper circles intersecting /3 and [s.
The labels of new circles are

B'(11) = B(l1)B(l2) and  B'(I3) = B(l2).
The labels of all other circles remain unchanged.

(viii) Adding a trivial circle. By a trivial circle, we mean a circle that bounds
a disk embedded in ¥ disjoint from all the upper and lower circles of D. This
move adds a trivial oriented upper circle labeled by an arbitrary element of H,
or a trivial oriented pointed lower circle labeled by the unit 1 € E.

The moves (i)-(viii) and their obvious inverses (such as destabilization or removal
of a trivial circle) are called x-moves.

Theorem 3.2. The x-moves are well-defined (that is, transform a x-Heegaard
diagram into a x-Heegaard diagram). Moreover two x-Heegaard diagrams represent
equivalent x-manifolds if and only if they are related by a finite sequence of x-mowves.

We prove Theorem in the next section. In view of Section [2.6] Theorem
gives a way to represent x-bundles via y-Heegaard diagrams.

3.15. Remark. A Heegaard diagram D = (X,U, L) is connected if both ¥ \ U
and ¥ \ £ are connected. Contrary to the y-move (viii), the y-moves (i)-(vii)
and their inverses transform a connected y-Heegaard diagram into a connected
x-Heegaard diagram. They are called connected y-moves. Any y-manifold has
a connected y-Heegaard diagram. By Theorem B.2] if two connected y-Heegaard
diagrams are related by a finite sequence of connected y-moves, then they represent
equivalent y-manifolds. But the converse is false: connected y-Heegaard diagrams
of equivalent y-manifolds are not necessarily related by connected y-moves.

3.16. Proof of Theorem 3.2. First, let us prove that x-moves are well-defined.
We have to verify that the resulting pair (¢/, 8") of each x-move is a x-labeling.
This is obvious for the yx-moves (i), (iv), and (viii) for upper circles since under
these moves, the elements w; € Fx 1y with [ € £ and (an appropriate choice of) taut
identities remain unchanged. Adding a trivial lower circle [ adds the element w; = 1,
adds a taut identity (1,1)*!, and inserts (r,1)*! in the taut identity associated with
the component of ¥ \ £ where the circle is added. These transformations are
innocuous since the label of [ is 1 € E. Hence the y-move (viii) for lower circles
transforms a y-labeling into a y-labeling.

The x-move (ii) consists of moving the basepoint of a lower circle [ across an
intersection point s (lying on an upper circle u) by following its orientation. Denote
by v the sign of s (that is, v = 1 if s is positive and v = —1 otherwise). The
element w; = u”w is transformed into w) = wu” and a taut identity [];_, (rg, lk)*
is transformed into HZ:1(7"27 lg)%*, where ), = rpu” if I, = [ and r}, = 71, otherwise.
The fact that

(1) ="t and TR @) = "5,)
for all k imply that (o/, 8') is a x-labeling.

Reversing the orientation of an upper circle u transforms each w; with [ € £
and each taut identity 7 = [];_,(rk,lx)* by replacing u with v~ in w; and 7.
Likewise, reversing the orientation of a lower circle ! transforms w; into w; L
leaves the elements {wy}yep\(y unchanged, and transforms each taut identity
7 = [Ti—y (7, k)% by replacing ei, with &}, where &), = —&; if [, = [ and ¢}, = ¢y,
otherwise. These transformations are compensated by the changes of labels. Hence
the y-move (iii) transforms a y-labeling into a y-labeling.

Stabilization introduces a lower circle [ and an upper circle u. Then w; = u and
this move inserts (r,1)(r,1)~! in the taut identity associated with the component
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of ¥\ £ where the stabilization is performed. Since the label of u is the image
under y of the label of [, we conclude that the y-move (v) transforms a x-labeling
into a y-labeling.

By Section B4l any oriented pointed Heegaard diagram D = (3,U, L) gives rise
to a free crossed complex

HD:(---—>1%1—>7T3(MD,XD)E>]:D V—D>.7:Z7u)

with free basis B, = {Bs, B2, B1}, where By = {b;}icc and By = U (see Section B2)).
Recall from the proof of Theorem [B.1] that there is a bijective correspondence be-
tween morphisms of crossed complexes IIp — ¥ = (- = 1 - 1 - E X H)
and x-labelings of D. In this correspondence, the x-labeling («, 3) associated with
a morphism f: IIp — X is given by a(u) = fi(u) for v € U and B(I) = fa(by)
for I € L. Consider now a handle slide from D to D’. It induces an orientation
preserving diffeomorphism Mp — Mp, which preserves their filtration defined in
Section[B.4l This diffeomorphism then induces an isomorphism between the crossed
complexes 6: IIp — IIp: and so between the sets of x-labelings of D and D’. The
image under this bijection of a y-labeling («, ) of D is the pair (o/, ') described
in the corresponding handle slide x-move, which is then a y-labeling of D’. For the
x-move (vi), this follows from the fact 05(b;) = b; for all [ € £ and

O1(ur) = uy, 01(uz) = vjuy, 01(u) =wu for all u € U\ {u1,us}.
For the x-move (vii), this follows from the fact that 6;(u) = u for all uw € U and
92(()[1) :bl/lb ! 92(b12) :bl/z’ og(bl) :bl for all [ Gﬁ\{ll,lg}.

[
This proves that the y-moves (vi) and (vii) transform a y-labeling into a x-labeling.
Second, let us prove that two y-Heegaard diagrams related by a y-move represent
equivalent xy-manifolds. Given an oriented pointed Heegaard diagram D, we denote
by ga,5 € [Mp, Bx] the homotopy class of maps associated with the gauge class of
a x-labeling (o, 8) of D under the canonical bijection of Theorem Bl Let us prove
that if a x-Heegaard diagram (D', (o, 8’)) is obtained from a x-Heegaard diagram
(D, (o, B)) by applying a x-move T', then g’ g 01 = ga 3, where Yr: Mp — Mp:
is the diffeomorphism canonically associated (up to isotopy) with the Heegaard
move underlying 7T'. This diffeomorphism 7 is homotopic to a cellular map which
induces a morphism of crossed complexes 61 : IIp — IIps such that the following
diagram commutes:
~ 700
Mp, X] ——— [, X]
2 |2
Topr
[Mpr, B] —— [Mp, Bx].

Here, the square brackets in the first row denote the set of homotopy classes of
morphisms of crossed complexes (see Appendix [C.6) and the vertical bijections
are given by the homotopy classification theorem (see Appendix [C9). As above,
consider the morphisms of crossed complexes fq g: IIp — X and for g lIpr — X
associated with the y-labelings (o, 8) and (¢, 3’). These morphisms are mapped
t0 ga,3 and gos g under the vertical bijections. Now it follows from the definition
of the change of labelings for the x-move T' (see Section B.14]) that these morphisms
are related by [fo,g 0 0r] = [fa,s). By the commutativity of the diagram, we
deduce that go’ g o Y17 = ga,g-

Third, let us prove that y-Heegaard diagrams representing equivalent y-manifolds
are related by a finite sequence of x-moves. Let (D, (o, 8)) and (D', (/, 8")) be two
Xx-Heegaard diagrams whose associated x-manifolds (Mp,ga,s) and (Mp/, gar,p7)
are equivalent. By definition, there is an orientation preserving diffeomorphism
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Y: Mpr — Mp such that go g = ga,g © 9. By the Reidemeister-Singer theorem,
the diffeomorphism 1 is isotopic to a composition 7, o --- oty where

D=Dy D —.. 52D, =D

is a sequence of (standard) Heegaard moves. Extend each T; to a x-move to obtain
a sequence of y-moves

T T
(Dlv (O/vﬂ/)) = (DOa (Oéo,ﬂo)) —- (Dla (Oél,ﬂl)) =
Thn— Tn
: —1> (Dn—la (an—laﬁn—l)) — (Dna (anaﬁn)) = (Da (O‘//aﬁ”))-
It remains to prove that (D, («”,8"”)) and (D, (a, )) are also related by finitely
many x-moves. By the above, ga, ,,8,_1 = ga:,8; © %1, for all 1 <i <n. Then

ga,B = ga/,B/ ] w—l = ga”,B” @] ’lan O---0 le ] w—l = ga//,B//.

Consequently, by Theorem Bl the y-labelings («, 5) and (o, 8”) of D are gauge
equivalent: there is h € Gp such that (o’,8") = h- (a,5). We need to prove
that the x-Heegaard diagram (D, k- («, 8)) is obtained by applying to (D, (o, 8)) a
finite sequence of y-moves. It suffices to verify this for the elements of the following
generating set of the gauge group Gp:

{(aca, 1) |cem(E\U) and z € H} U{(1,due)|u €U and e € E},

where the map a¢ ,: mo(X \U) — H assigns = to ¢ and 1 to the other components,
and the map d, : U — E assigns e to v and 1 to the other upper circles.

The case of (ac,z,1). First add a trivial upper circle ug labeled by z inside the
component ¢. For each component of the boundary of ¢, slide uy over the upper
circle corresponding to this component. Lastly isotop ug back to its initial position
and remove it. The handle slide rule for upper circles ensures that the resulting
x-Heegaard diagram is (D, (a¢,4, 1) - (o, 5)).

The case of (1,dy,e). Apply the stabilization x-move in ¢* by introducing a new
lower circle 5 labeled by e and a new upper circle u; labeled by x(e). By picking
an arbitrary basepoint for u, the set of intersection points between u and the lower
circles is totally ordered by enumerating its elements starting from this basepoint
and following the orientation of u. Following this order, slide over I the lower circles
corresponding to the intersection points lying in u. Next slide us over v and call
the resulting circle «). Finally, apply the destabilization y-move to remove the pair
(ul,ls) and isotop the resulting x-Heegaard diagram to obtain (D, (1,dy..) - (o, 8)).

4. HOPF CROSSED MODULE-COALGEBRAS

Throughout this section, we let H be a group (with neutral element 1) and
x: E — H be a crossed module. We first review the definitions and basic proper-
ties of Hopf H-coalgebras and Hopf x-coalgebras (referring to [Vil] and [SV2] for
details). Then we study integrals of involutory Hopf x-coalgebras of finite type.

4.1. Hopf group-coalgebras. A Hopf H-coalgebra (over the field k) is a family
of k-algebras A = {A,}ren endowed with a family of algebra homomorphisms
A = {Agy: Azy = Ar @ Ayleyen (called the coproduct), an algebra homo-
morphism e: A; — k (called the counit), and a family of k-linear isomorphisms
S={S,: A1 = A,}.cn (called the antipode), which satisfy:
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e The coproduct is coassociative and counitary: for all z,y,z € H,
(Azy ®ida,)Agy,> = (ida, ® Ay 2)Az 2,
(ida, ® e)Az1 =1da, = (e ®ida, )A1 4.
e The antipode is convolution-inverse to the identities: for all x € H,
po(Sz @ 1ida, )Ap-1 4 = M€ = pa(ida, ® o)Az 41,

where fpi,: Ay ® Ay — A, is the product of A, and 7n,: k — A, is its
unit map, that is, the k-linear morphism sending 1y to the unit element 1,
of A,.

These axioms imply that the antipode is anti-multiplicative: for all x € H,
Suttg-1 = fa0a, A, (Se @ Sz) and  Sy(l,-1) = 1o,
and anti-comultiplicative: for all z,y € H,
Ay ySay = (Sw ® Sy)UAy,l,A _

Here and below, for k-vector spaces U and V, the flip oyv: U®V = V®U is the
k-linear isomorphism defined by oy v(u®v) =v®u for allu € U and v € V.
Note that A; is a (usual) Hopf algebra (over k) with coproduct Aq 1, counit e,
and antipode S1. Also, if the group H is finite, then the direct sum @, cg A, is a
Hopf algebra with coproduct and antipode given on A, by > Ap p-1, and Sy-1.

1Ay—111—1 and 551 =E£.

zeH

4.2. Graphical conventions. We represent k-linear morphisms by diagrams to be
read from bottom to top (with the composition/tensor product of morphisms con-
sisting in vertical/horizontal stacking of diagrams). The product p,, unit map 7,
coproduct A, ., counit &, and antipode S, of a Hopf H-coalgebra A = {A;}zen
are depicted as follows:

x k4 y x
xr
Ly = Ny = Am,y = = Sy = .
z z zy ! z!

Here the strand colors x,y € H are abbreviations for A, and A,. The flip 04, 4,

is depicted as
y T
O—Aa: 7Ay - .
z y

For any n € N and = € H, define recursively the n-fold product u”: A®™ — A, by

setting:
By =ns,  pe=ida,,  plT = pa(pl ®ida,).

The associativity and unitality of the product imply that
p T = gy ® - ® ).

Similarly, we set A} =e: A; — k and, for n € N>1 and 1,...,2, € H, we define
recursively the n-fold coproduct A%~ 0 Ayyp, — Az, ® -0 @ Ay, by setting:

Tyt

1 _ n+1 _ n .
Am - ldAI and Aml,mg,...,szrl - (Azl,...,zn ® ldAzn+1)AI1"'In7In+1'

The coassociativity and counitality of the coproduct imply that
AR TEM = (A5 @ @ ARAR,

yees Tk -7|ik“7

where each Z; is an n;-tuple of elements of H and |Z;| denotes the product of the
elements of 7;. We will depict the morphisms p7 and A7~ = as

Ty

and AL e =
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4.3. Crossed module-actions. Let x: E — H be a crossed module. A x-action
on a Hopf H-coalgebra A = {A,}.cpm is a family of k-algebra homomorphisms
o= {¢m,e: Ay — Ax(e)m}(z,e)EHxE
such that for all x,y € H and e, f € E,
b d)x,l = idAIa

b ¢X(e)z,f Gze = ¢z,fea

* (Pre ® Py, 1) Asy = Ax(e)ex(fy Puy.erf-
Note that the indices in Axiom (iii) are coherent since the equivariance of x (see Sec-
tion 1) implies that x(e"f)zy = x(e)zx(f)y. Also, each ¢, . is an isomorphism,
with inverse

-1
z,e Qﬁx(e)z,e*la
and commutes with the antipode S of A in the following sense:

d)x,e Sy = Sx(e)z (’bz*l,mil(e*l)'

We depict the x-action ¢y e: Ay — Ay(e), by a strand with a dot labeled with e
(on the left or on the right) as follows:

T T
¢z,e = € or ¢z,e — @oc .

The three axioms of the y-action are depicted as

" x(f)x(e)z x(fe)x x(e)z x(fly  x(e)x x(fy
f e !
16 =| , xerz | = ¢ fe P y = x(ef)ay -
; ) (& ezf

The fact that ¢, . is an algebra homomorphism is depicted as

4.4. Hopf crossed module-coalgebras. A Hopf x-coalgebra (over k) is a Hopf
H-coalgebra (over k) endowed with a y-action.

A Hopf x-coalgebra A = { A, }ocm is of finite type if each A, is finite-dimensional.
It is involutory if its antipode S = {S; }rem satisfies S, S,-1 = ida, for all x € H,
which is depicted as



20 KURSAT SOZER AND ALEXIS VIRELIZIER

4.5. Particular cases. 1. Given a group H, the trivial map 1 — H is a crossed
module and the notion of a Hopf (1 — H)-coalgebra agrees with that of a Hopf
H-coalgebra.

2. Let E be an abelian group, so that the trivial map £ — 1 is a crossed module.
Then there is a bijective correspondence between:

e Hopf (E — 1)-coalgebras of finite type,

e finite-dimensional Hopf algebras A endowed with a group homomorphism
from E to the center of the group G(A*) = Hom,e(A,k) of grouplike
elements of the Hopf algebra A* dual to A.

In this correspondence, the (E — 1)-action ¢ = {¢.: A — A}.cp associated with
a group homomorphism p: E — Z(G(A*)) is given by ¢. = (p. ® ida)A, where A
is the coproduct of A.

4.6. (Co)opposite Hopf crossed module-coalgebras. Let A = {A,}.cx be a
Hopf x-coalgebra with coproduct A, antipode S, and x-action ¢.

The Hopf x-coalgebra opposite to A is the family A°P = {ASP},c i, where AP de-
notes the opposite algebra to A,, endowed with the coproduct, counit, and x-action
of A and with the antipode S°P = {SP = S~ !}, cpy.

The Hopf x-coalgebra coopposite to A is the family AP = {ASP},cpy, where
ASPP = A, -1 as an algebra, endowed with the counit of A and the coproduct AP,
antipode S°P, and y-action ¢°°P defined by

cop __ cop _ ¢—1 cop __
Am,y = O—Ayfl,AxflAyfl,mflv Sy P =5, = ¢m*1,“71(e*1)

x,e

for all z,y € H and e € E.

4.7. Integrals. Let A = {A,},cn be an involutory Hopf x-coalgebra of finite type.
Recall that a two-sided integral element of the Hopf algebra A; is an element A € A,
such that for all a € Ay,

Aa =e(a)A = aA.
A two-sided x-integral on A is a family of k-linear forms A = {A\;: A; — k}lzen
such that for all z,y € H and e € F,

(idAa: ® /\y)Ar,y = UIAIy’ (>‘I ® idAy)AI7y = ny>\mya Ax(e)zd)m,e = >\m

Lemma 4.1. Assume that the characteristic of k does not divide dimy(A;). Then
there is a unique two-sided integral element A of A1 and a unique two-sided x-integral
A= {As}een on A such that for all x € H,

)\1(11) = )\1(/\) = E(A) = dim]k(Al)l]k.

Moreover, the integral A is cosymmetric, the x-integral \ is symmetric, and both
are S-invariant:

AP (A) = Apor o(A), Aa(ba) = As(ab), Si(A) =A, ApSy = Ay
for allx € H and a,b € A,, where A, is defined in Section [{.0,

Proof. Since A; is a finite-dimensional involutory Hopf algebra and dimy(A;)1x # 0,
LRl Corollary 2.6] gives that A; is semisimple (and so unimodular) and cosemisim-
ple. In particular, by Maschke’s theorem for Hopf algebras, there is a unique
nonzero two-sided integral A of A; such that e(A) = dimg(A;)1lx. Since Si(A)
is also a two-sided integral of Ay verifying £(S1(A)) = £(A) = dimg(Aq)1k, the
uniqueness of A implies that S1(A) = A.

Since A is of finite type and A; is cosemisimple, the Hopf H-coalgebra A is
cosemisimple (by [Vill Corollary 5.5]) and so the y-integrals on A are two-sided
(by [Vill Corollary 5.7]). Then it follows from [SV2] Theorem 9.2] that the space
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of two-sided x-integrals on A is one-dimensional. Consequently, using [Vill The-
orem 5.4], there is a unique two-sided y-integral k = {k;}zem on A such that
kz(lz) = 1k for all € H. Then the two-sided y-integral A = dimg(A4;)x on A
verifies that A\;(1;) = dimy(Aq)ky(1,) = dimg (A )1k for all z € H. Since A; is uni-
modular, A is involutory, and the distinguished H-grouplike element of A is trivial
(by [Vill, Corollary 5.7]), it follows from [Vill Theorem 4.2] that A is symmetric
and S-invariant, and it follows from [ViIl Corollary 4.4] that A is cosymmetric.
Finally, A\;(A) # 0 (by [LRL Proposition 1.1]) and so A’ = A\;(A)~!A is a two-
sided integral of A; such that A;(A’) = 1. Using [LRl Theorem 2.5], we obtain

dimy (A1) 1 = Tr(ida,) = Tr(S?) = A1 (11)e(A) = dimy (A1) A (A) "L (A).
Since £(A) = dimg(A;)1x # 0, we conclude that A;(A) = dimy(A;)1. O

We depict A € A1 and A\, : A, — k as in Lemma [£.]] by

Ail and /\sz.

Their properties are then depicted as follows:

1 Y
Y Y
= Y = )

H
|
|

-
s
8
|

4.8. Example. Let E be an abelian group and G be a finite group. Recall that the
group algebra k[G] is a finite-dimensional Hopf algebra with coproduct A, counit e,
and antipode S defined by A(g) = g ® g, (g) = 1k, and S(g) = g~ ! for all g € G.
Note that group homomorphisms

E — Z(Homalg(k[G], ]k)) = Homg,oup (G, k")

are in bijective correspondence with bicharacters G x E — k*. Then, by Section 3]
such a bicharacter w: G x E — k* gives rise to a Hopf (E — 1)-coalgebra of finite
type denoted by k*[G]. It is involutory and its x-action ¢: E — Autg(k[G]) is
computed by ¢.(g9) = w(g,e)g for all e € E and g € G. When the characteristic
of k does not divide dimg(k[G]) = |G|, the integral element A of (k*[G]); = k[G]
and the (E — 1)-integral A = {A\1} given by Lemma [£.]] are computed by

A=>"g and Ai(g) = 51|G| L.
geG
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4.9. Example. Let x: Z/4Z — Z/2Z be the crossed module from Section BI1]
Recall that Z/27Z = {0,1} acts on Z/4Z = {0,1,2,3} by % = i1 and '7i = —n, and
that x(7) = 0. Assume that the characteristic of the field k is not 2. Consider the
k-algebras Ay generated by a and A; generated by u,v subject to the relations

a4:1, u2:1:v2, VU = —UD.

Both Ay and A; have dimension 4 with respective basis {1, a, a?,a®} and {1, u, v, uv}.
(Note that if k has a primitive fourth root of unity, then Ay = k* and A; = My (k)
as k-algebras, and Ag® A; is the Kac-Paljutkin Hopf algebra.) Define algebra mor-
phisms Ay ,: Apry = Ay @ Ay for z,y € Z/27 and e: Ay — k by setting e(a) =1
and

Apo(a) = (a®a)Q(a? a?), Agi(u) = (a®u)Qa?v), Ao 1(v) =ad’> @0,
Ar1(a) = (u@u)Q(—v,v), Arg(u) = (u®a)Q(—v,a?), Aio(v)=v®ad?
where
Q(s,t) = %(1®1+s®1+1®t—3®t).

Define anti-multiplicative k-linear isomorphisms Sp: Ag — Ap and S1: A1 — A
by setting

Sola) =a, Si(u)=u, Si(v)=wo.

For 7 € Z/4Z, consider the algebra morphisms ¢g 7: Ag — Ao and ¢1.7: A1 — Ay
defined by

¢O,ﬁ(a) = (_1)na’ ¢1,ﬁ(u) = (_1)nu’ ¢17ﬁ(v) =v.

Then A = {Ao, A1} is an involutory Hopf x-coalgebra of finite type with y-action
¢ = {bz,a}(x,n)cz/2zx2z/2z- Note that the characteristic of k does not divide
dimg(Ao) = 4. Then Lemma [L]] applies and the two-sided integral element A
of Ap and the two-sided x-integral A = {Ag, A1} on A given by this lemma are
computed by

A=1+a+a’>+a  N(1)=X\(1) =4,
Mo(a) = Xo(a?) = Xo(a®) = A1 (u) = A\ (v) = A\ (uw) = 0.

5. INVARIANTS OF CROSSED MANIFOLDS

Throughout this section, x: E — H is a crossed module and A = {A,}.cn
is an involutory Hopf x-coalgebra of finite type such that the characteristic of k
does not divide dimg(A;). We construct from this data a topological invariant
of x-manifolds. Its definition goes by associating tensors (in the spirit of Kuper-
berg [Ku]) with y-Heegaard diagrams of y-manifolds. We prove by examples that
this invariant is nontrivial.

5.1. An invariant of y-manifolds. Let (M, g € [M, Bx]) be a xy-manifold. Pick a
x-Heegaard diagram (D, («, 8)) of (M, g), where D = (X,U, £). For an intersection
point s of D, we denote by «a(s) € H the label of the upper circle containing s and
set vy = 1 if s is positive and v = —1 otherwise (see Section B)). Consider
the integral element A € A; and the y-integral A = {\,}.cp associated to A by
Lemma [£T] and their graphical representation given in Section 7]

For a lower circle [ € L, the set Z; of intersection points between [ and the upper
circles is totally ordered by enumerating its elements starting from the basepoint
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of [ and following the orientation of [. We associate to [ the vector

a(sg)Ve2

= A2(51)”51 yeeryt(sp)Vsm Qﬁl,ﬁ(l) (A) € ® AD&(S)”S
seT;

where Z; = {s1 < -+ < s, }. Here (and in what follows) a tensor product indexed
by a totally ordered set is taken following the order of this set. Note that the
vector A; is well-defined since a(s1)"=r - - a(sy)» = x(B(l)) by the first condition
of a x-labeling. Set also

U, = ® W, ® Aa(syrs = ® Aas)

se€l, se€l, s€I;
where Us: Ay 5)vs — Ags) is defined by ¥y =ida, ,, if s is positive and ¥s = S,
if s is negative (with S being the antipode of A).

For an upper circle u € U, pick a basepoint for u distinct from the intersection
points. Then the set Z,, of intersection points between u and the lower circles is
totally ordered by enumerating its elements starting from the basepoint of u and
following the orientation of u. We associate to u the linear form

au) a(u) a(u)

Pick total orders for the sets U and L. Let Z be the set of intersection points
of D. The order of U induces a total order on Z given by the lexicographic order
on Z = I,y Z, (meaning that s € Z, is smaller than s’ € Z,,, if u < v/ in U or
if u=v"and s < ¢ in Z,,). The order of £ induces similarly a total order on Z.
Denote by 7 (respectively Zp) the set 7 endowed with the order induced by U
(respectively £). Set

Qp = ®\I/l(Al) S ® Aa(s) and Ay = ®)\u ® Aa(s) -k
leL s€lr ueU s€Ty

Recall that a symmetric monoidal category provides representations of the symmet-
ric groups. Thus the flip maps of k-vector spaces associate to the unique increasing
map Zp — Ty (which is a permutation of Z) a k-linear isomorphism

P[;yz/{: ® Aa(s) — ® Aa(s)'
s€lr s€Ty

Finally, set

(1) Ka(M,g) = dimg(A)?E ==L N Pr oy () €k,
where g(X) denotes the genus of X.

Theorem 5.1. K4(M,g) is a topological invariant of x-manifolds.

In view of Section 2.6, Theorem [E.1] provides a topological invariant of x-bundles,
that is, of (flat) principal G,-bundles over closed connected oriented 3-manifolds
(where G, is the 2-group associated with x).

We prove Theorem [B.1] in Section (.70 The proof consists of showing that the
right-hand side of () is independent of the choice of the y-Heegaard diagram
representing (M, g), the choice of basepoints for the upper circles, and the choice of
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the total orders for the sets of upper and lower circles. For that, we use in particular
Theorem which relates two x-Heegaard diagrams of (M, g) via x-moves.

We illustrate the computation of the invariant of Theorem [5.1]in Sections
below. In particular, this invariant is nontrivial and may even distinguish homo-
topy classes of phantom maps (i.e., of maps inducing trivial homomorphisms on
homotopy groups), see for instance Section (5.4

5.2. Properties. The invariant K 4 of y-manifolds from Theorem 5.1 satisfies the
following properties:

(1) If g is the homotopy class of a constant map, then
KA(Ma g) = Kuy, (M)a

where the right-hand side is the Kuperberg invariant [Kul] of M derived from
the involutory Hopf algebra A;.

(2) The invariant K4 generalizes the invariant defined in [Vi2]. More precisely, if
E =1, then By = B(1 - H) = BH is a K(H,1) space and the invariant K 4
of (1 — H)-manifolds (or equivalently of flat H-bundles over 3-manifolds) is
equal to the invariant defined in [Vi2l Theorem 9] using the involutory Hopf
H-coalgebra A. As a consequence, the invariant of [Vi2] Theorem 9] does not
depend on the choice of the basepoints (of the flat bundles).

(3) The invariant K 4 of Theorem [(E]]is multiplicative with respect to the connected
sum of y-manifolds:

KA(M#M',g#g') = Ka(M,g)Ka(M',¢').

This follows directly from the fact that a x-Heegaard diagram of a connected
sum of two x-manifolds is given by the connected sum of the y-Heegaard dia-
grams of the y-manifolds.

(4) The opposite of a y-manifold (M, g) is the x-manifold (—M, g), where —M is M
with the opposite orientation. Then

KA(in g) = KAOP(Mv g) = KACOP(M59>

where A°P and AP are the Hopf y-coalgebras opposite and coopposite to A
(see Section E@). Indeed, if ((3,U, L), (o, B)) is a x-Heegaard diagram for
(M, g), then (=X,U, L), (a"1,B)) is a xy-Heegaard diagram for (—M, g). The
first equality follows from the anti-multiplicativity of the antipode S of A and
from the S-invariance of the x-integral A. The second equality follows from the
anti-comultiplicativity of S and from the S-invariance of the integral element A
of Al .

(5) Recall from [SVI] that any x-fusion category C with dim(C{) invertible in k
defines a state sum invariant | M, g|c of x-manifolds. When k is an algebraically
closed field, the category mod, (A) of finite-dimensional modules over A is
x-fusion (by [SV2, Theorem 8.3]) and dim(mod,(A4)]) = dimy(A;)lx is in-
vertible. We will prove in a subsequent article that

Ka(M,g) = dimg(Ay) [M, glmod, (4)-

In particular, [M, g|mod, (1) = dimy (A1) Ka(M, g) can be computed without
determining the simple A-modules. This equality generalizes the result of [BW]
which relates the Kuperberg invariant of 3-manifolds with the Turaev-Viro-
Barrett-Westbury invariant of 3-manifolds.
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5.3. Remark. The notion of a Hopf x-coalgebra is not self-dual. The dual notion is
that of a Hopf x-algebra (see [SV2] Section 7.8]). An invariant of y-manifolds can be
defined from an involutory Hopf y-algebra of finite type B = { B, },cy in a manner
similar to that in Section 5] (by using the x-action for upper circles and the graded
integral elements for lower circles). We do not elaborate further on this, since this
invariant actually corresponds to the invariant Kp-, where B* = {BX},cy is the
Hopf x-coalgebra dual to B.

5.4. Example. Consider the lens space L(p, q) and its Heegaard diagram D given
in Section Recall from Section B.I0 that the set of homotopy classes of maps
[L(p, q), Bx] is in bijection with the set of orbits £p/Gp, where

£p={(r,e) € Hx E | x(e) =2” and “e=¢} and Gp =H x E,

and that gp, . € [L(p, q), BX] denotes the homotopy class of maps associated with
an orbit [z,e] € £p/Gp. Then

— . A®P ®p
= O'A;®(1F1)1AI : Az — Az .

For instance, using the symmetry of the y-integral A of A (see Lemma [T]), the
invariant for the real projective space RP® = L(2,1) is computed by

Ka(RP®,gpo.e) = A" Aot a1 e(A).

As an example, consider the crossed module x: Z/47 = {0,1,2,3} — 7/2Z = {0,1}
and the involutory Hopf y-coalgebra A = {Ag, A1} of finite type from Section
and assume that k is not of characteristic 2 (so that the characteristic of k does not
divide dimg(Ag) = 4). Recall from Section BTl that

|[RP?, Bx]| =4 with [RP°, Bx] = {g)0,0, 90,1} 9110} 91,3 }-

Using the explicit description of the product, coproduct, x-action, and integrals
of A, we obtain:

Ka(RP?,gp.g) =1, Ka(RP?, gjo1)) =0, Ka(RP?, g15) = Ka(RP?, gp15) = Z
In particular, K4 distinguishes gjo 5 and gjp,1j which are phantom maps. Indeed
both induce trivial homomorphisms on homotopy groups: they induce the trivial
homomorphism on the fundamental groups (by definition of their labeling) and for
higher homotopy groups, this follows from the facts that 7o (RP?) and 7, (By) are
trivial for n > 3.
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5.5. Example. Consider the Poincaré homology sphere P and its Heegaard dia-
gram D given in Section Recall from Section that the set of homotopy
classes of maps [P, By] is in bijection with the set of orbits £5/Gp. Denote by
[z,y,e, f] € £p/Gp the class of (z,y,e,f) € £p and by gz . 5 € [P, Bx] the
corresponding homotopy class. Then

KA (IPa g[z,y,e,f]) = dimk(Al)_2

where the disks denote the antipode (see Section [42).

5.6. Example. Let w: G x E — k* be a bicharacter, where G is a finite group
and E is an abelian group. Consider the involutory Hopf (F — 1)-coalgebra of
finite type k*[G] from Section L8 Assume that the characteristic of k does not
divide dimg((k“[G])1) = |G|. Then, for any (E — 1)-manifold (M, g), we have

KA(Mvg): Z Iw(vavg)
fE[M,BG]

where the scalar I,(M, f,g) is defined as follows. Since E and k* are abelian,
the bicharacter w induces a group homomorphism @: G* ® E — k*, where G2P
is the abelianization of the group G. Denote by fy: m(M)*® — G2 the group
homomorphism induced by f. Let 6, be the image of g under the isomorphism

[M,B(E — 1)] = [M, K(E,2)| = H*(M,E) = Hi(M,E) = 1 (M) ® E
induced by the Poincaré duality and the Hurewicz theorem. Then

1,(M, f,9) = O((fy ®idEg)(6,)).

5.7. Proof of Theorem 5.1. Given a x-Heegaard diagram (D = (X,U, £), (o, B)),
any choice of basepoints for the upper circles and of total orders for & and £ allows
us to define the right-hand side of (dI), that is, the scalar

(2) Ka(D,(a,B)) = dimg (A9~ UI=IEN N Pr oy () € k.

First note that K4 (D, («, 8)) does not depend on these choices. Indeed, indepen-
dence in the choice of basepoints for the upper circles follows from the fact that the

linear form Ay, = Aq(u) [Ll:(‘u) associated with any upper circle u is cyclically symmet-

ric (by the symmetry of the y-integral A). Independence in the choice of the total
orders for U and L follows from the symmetry of the category of k-vector spaces
(and in particular from the fact that under the canonical identification k ® k = k,
the flip map oy x is the identity).

Next, by Theorem [32] we only need to verify that K4 (D, («, 3)) remains un-
changed when applying to (D, («, 8)) one of the x-moves (i)-(viii) described in Sec-
tion 314l Before proving the invariance under these moves below, we give another
useful formulation of K4 (D, («, 8)). Set

A£:®Al, \I/L:®\I/l, \I/u:®\lfu where \Ilu:®\lfs,

lel lel ueU SELy
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and consider k-linear isomorphism
QL‘,,Z/{: ® Aa(s)"s — ® Aa(s)"s
s€l, s€Ty

induced by the flip maps of k-vector spaces and associated with the unique increas-
ing map Zp — Ty (which is a permutation of 7). Then

Ue(Ae) =@ Uu(A) =, MWy = QMW and  Pru¥e = VuQru-
lel ueU

In particular, we obtain

(3) Ka(D, (e, 8)) = dimy (A1)? S ==L N 00,Q 2 14(A ).

Invariance under orientation preserving diffeomorphisms of ¥. Such a diffeomor-
phism does not modify either the intersection pattern or the y-labelings. By trans-
ferring (via this diffeomorphism) the basepoints for upper circles and the orders of
the sets of upper and lower circles, we deduce that K (D, (a, §)) remains literally
the same when applying this x-move.

Invariance under moving basepoints. This move consists of moving the basepoint
of a lower circle [ across an intersection point s by following its orientation. Denote
I ={s=81< - <sp}and set z = a(s1)", y = a(s2)”2---a(sy)", e = (),
where v; = v, for 1 <14 < n. Recall that x(e) = xy. Before the move, the vector A,
associated with [ is

A= (ida, ® 0)Asy(61.6(A) where 6=AY Y,

Sa(sn)vn”
After the move, the new label of [ is @ e and the vector associated with [ is

A= (0®ida,)Ay . (¢1,w*1e(A))'

(u) (zu)
@V,

Here () and (i7) follow from the compatibility of the x-action with the coproduct,
and ( ) from the cosymmetry of A. Consequently,

Now

A/ =0 Al .

: (Aawn”l)v(f“a(syw ®“‘®Aa<5n>"n)( )
This implies that the morphism Qz(Az), and thus K4 (D, (o, f)), remains the
same when applying this x-move.

Invariance under orientation reversals. Suppose first that the orientation of an
upper circle u is reversed (while keeping the basepoints of the upper circles and the
total orders for & and L the same). Denote by @ the circle v with the opposite
orientation. The flip maps of k-vector spaces associate to the unique increasing
map Zz — Z,, the k-linear isomorphisms

® Aa(s) — ® Aa(s) and 0,: ® Aa(s)us — ® Aa(s)us
SELy SEL,, SELy SETL,

Since the sign of each intersection point lying in u is changed into its opposite under
this y-move and the antipode S is involutory, we have:
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where n = |u| and © = «(u). Then, using the S-invariance of A\ and the anti-
multiplicativity of S, we deduce that

This implies that the morphism AUy Qzu, and thus K4(D, (o, 8)), remains the
same when reversing the orientation of u.

Suppose next that the orientation of a lower circle  is reversed (while keeping
the basepoints of the upper circles and the total orders for ¢ and L the same).
Denote by [ the circle [ with the opposite orientation. Let Z; = {s; < --- < s, } and
e = (). Set z; = a(s;) and v; = v, for 1 < i < n. Recall that x(e) = z]* - -z,
The flip maps of k-vector spaces associate to the permutation k — (n — k + 1)
of {1,...,n} the k-linear homomorphisms

Ay @ @ A, D5 Ag, @ @ Agy, A @@ Agrn L5 Agn @+ ® Ay
Since the sign of each intersection point lying in [ is changed into its opposite under
this y-move and the antipode S is involutory, we have:

0% = ¥ Spv; where S;=05,-v, @ ® Sz;vl.
Now, by the S-invariance of A and the commutativity of the y-action ¢ with S,
B1e-1(A) = ¢1,6-151(A) = Sy(e)-101,e(A).
Then, together with the anti-comultiplicativity of S, we deduce that
VA=Al —ndre1(d)

= VAL, oSk 1P1e(A)

= \I/[Slfq?lAZ?w’zzn 1,e(A)

=6,V A;.

This implies that the morphism P sV, (Az), and thus K 4(D, (a, 8)), remains the
same when reversing the orientation of [.

Invariance under two-point moves. Consider a two-point move between an upper
circle u € U and a lower circle | € L. Up to reversing the orientation of these circles,
moving the basepoint of [, and appropriately choosing the basepoint of u, we can
suppose that the two added intersections points are the first two with respect to
the orders of Z,, and Z; and that the first one is positive (and so the second one is
negative). The invariance of K4 (D, («, 8)) under this y-move is then a consequence
of the following equalities, where = «a(u) and e = 5(1):

(iid)

Here (i) follows from the (co)associativity of the (co)product, (i7) from the axiom
of the antipode, and (iii) from the (co)unitality of the (co)product.

Invariance under stabilizations. This move adds a lower circle labeled by some
e € E and an upper circle labeled by x(e) € H. These added circles have a unique
intersection point (which is positive) and so contribute to Ay Pr(2z) by a factor



QUANTUM INVARIANTS OF FLAT 2-BUNDLES OVER 3-MANIFOLDS 29

of Ay(e)®1,e(A) = Ai(A) = dimg(A;). Since this contribution is cancelled by the
normalization term dimy (A;)9*)~UI=I£1 e deduce that K 4(D, (v, 3)) is invariant
under this y-move.

Invariance under handle slides of upper circles. This move slides an upper circle u;
over another upper circle uy and creates new upper circles: v} = ui#pu2 and a
copy uh of us. Let (D', (a/, ")) be the resulting y-Heegaard diagram. We choose
basepoints for v and us in such a way that the band connects the circles u; and us
just before (with respect to their orientation) these basepoints. We endow u} and u}
with the basepoints inherited from u; and us. Set z = a(u;) and y = a(ug), so
that a(u}) = x and a(ub) = z7'y. Denote Z,, = {s1 < --- < sp}. It follows
from the definitions and the coassociativity of the coproduct that K4 (D', (o, )
is obtained from the formulation [B]) of K4 (D, («, 3)) by replacing Ay, Uoy @ Ay, Vo
with

where k; = 0 and 6; = A, -1, if s; is positive, and x; = 1 and 0; = A;Oi’,ly if s;
is negative. Here, by convention, S¥ =id, for all z € H. Now

Here (i) follows from the equality (S, ® quy)A;O;’,ly = A, ;-1,5, and (i) from
the multiplicativity of the coproduct. Consequently, K4(D’, (¢/, ")) is obtained
from K (D, («,B)) by replacing Ay, Uy ® Ayy Uy, with

@ N U, @ A, W,

Here (i) follows from the fact that A is a two-sided y-integral and (i) from the
unitality of the product. Thus K (D', (a/,5")) = Ka(D, («, 3)).

Invariance under handle slides of lower circles. This move slides a lower circle [y
over another lower circle Iy and creates new lower circles: I = l1#l2 and a copy 1}
of ly. Let (D', (c/, ")) be the resulting x-Heegaard diagram. Set e = £(I1) and
f = B(l2), so that 5(I1) = ef and S(I5) = f. Denote Z;, = {s1 < --- < s, } and set
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x; = a(s;) for 1 <i < n. It follows from the definitions and the associativity of the
product that K4 (D', (¢, 8")) is obtained from the formulation () of K4(D, (a, 8))
by replacing Uy, (A;,) ® ¥, (A,) with

where x; = 0 and m; = g, if s; is positive, and k; = 1 and m; = HoP = pz, 04, A,
i Tg
if s; is negative. Here, by convention, S? = idy4, for all z € H. Now

Here (i) follows from the equality p2P(S, ® S;) = Syp,—1 and (4i) from the multi-
plicativity of the coproduct. Also,

x(f)
(u) (zu) (w) . I

Here (i) and (ii) follow from the axioms of a y-action, (ii¢) from the fact that A
is a tw0-51ded integral element of A;, and (iv) from the counitality of the coprod-
uct. Consequently, K4(D’,(¢/,3')) is obtained from K4 (D, («,3)) by replacing
\I/ll (Ah) ® \Illz (AlZ) with

[ | ]

= U, (A,) ® Vg, (Agy).

Thus K4(D', (o/,8")) = Ka(D, (e, B)).

Invariance under adding trivial circles. Adding a trivial upper circle labeled by
some x € H contributes a factor of A\;(1;) = dimg(A;1) to A\yPru (). Adding
a trivial lower circle labeled by 1 € E contributes a factor of e(A) = dimg(A4;)
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to MyPru(2z). Since these contributions are cancelled by the normalization term
dimy (A;)9F) =121 we deduce that K4(D, (a, 8)) is invariant under this y-move.

APPENDIX A. PRINCIPAL 2-BUNDLES OVER TOPOLOGICAL SPACES

In this appendix, we review the basics of 2-bundles over topological spaces (in
the spirit of [Wa]) and their relationship with Cech cohomology.

A.1. Internal groupoids. A groupoid internal to a category C with pullbacks
consists of an object Py of C (the object of objects), an object Py of C (the object of
morphisms), and the following structure morphisms in C: the source s: P, — P,
the target t: P, — Py, the product (or compositionﬁ) x: P xp, P, — P1, where
Py xp, Py is the pullback of the pair (¢, s), the unit morphism Py — P;, and the
inversion P; — Pp, satisfying the usual axioms of a groupoid. We denote such a
groupoid by P = (P = Py) where the arrows stand for the source and the target
morphisms.

A functor f: P — @ between groupoids P and @ internal to C is a pair f =
(fo: Po = Qo, f1: PA — Q1) of morphisms in C satisfying the usual axioms of
a functor (preservation of source, target, product, and units). Such a functor
automatically preserves the inversion. For example, idp = (idp,,idp,) is a functor
from P to itself called the identity functor.

A natural transformation «: f = g between two functors f,g: P — @ is a mor-
phism a: Py — @1 in C satisfying the usual axioms of naturality. Note that since Q
is a groupoid, any such natural transformation is in fact a natural isomorphism.
For example, given a functor f = (fo, f1): P — @, the composition of fy with the
unit morphism of @) is a natural transformation f = f denoted by 1¢.

For a detailed discussion of the definitions above, we refer for example to [MF]
and [Mi].

A.2. Topological 2-spaces. A topological 2-space is a groupoid internal to the
category of topological spaces, that is, a groupoid P = (P; = Py) where the set Py
of objects and the set P; of morphisms are topological spaces and the groupoid
structure morphisms are continuous maps. For example, any topological space X
gives rise to the topological 2-space X = (X = X) where both the source and the
target maps are the identity.

A continuous functor between topological 2-spaces is a functor internal to the
category of topological spaces, that is, a functor whose maps between objects and
morphisms are continuous.

A.3. 2-groups. A (strict) 2-group is a groupoid internal to the category of groups.

In a 2-group G = (G1 = Go), the product and the inversion are computed from the

group structures of G, and Gy as follows: for all g, h € G; with t(g) = s(h),
gxh= hlt(g)—lg and g = 1S(g)g_llt(g),

where 1, denotes the unit associated with = € G.

There is a bijective correspondence between strict 2-groups and crossed modules.
In this correspondence, the 2-group associated with a crossed module x: £E — H
(see Section 2] is the groupoid

G,=(HxE=H)
with source, target, and product given by

S(xve) =7, t(xve) :X(e)l', (zae>*(X(e)x7f) = (z,fe).

3 As for usual groupoids (see Appendix[B.I]), our notation * for the product of internal groupoids
is opposite to the standard notation o for composition: fx g = go f whenever tf = sg.
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Conversely, the crossed module associated with a 2-group G = (G1 = Go) is the
restriction t: G — Gy of the target map of G to the kernel Gi = Ker(s) C G of the
source map of G. Here the action of the group Gy on Gi is given by “e = 1,el,-1
for all (x,e) € Gy x Gi, where 1, denotes the unit associated with .

A 4. Topological 2-groups. A (strict) topological 2-group is a groupoid internal
to the category of topological groups, that is, a 2-group where the sets of objects
and morphisms are topological groups and the groupoid structure homomorphisms
are continuous.

A topological 2-group is discrete if the groups of objects and morphisms are
discrete (as topological spaces). Note that any 2-group G = (G1 = Gp) induces a
discrete topological 2-group by endowing G; and Gy with the discrete topology. In
particular, a crossed module  induces the discrete topological 2-group G, .

A.5. Actions of topological 2-groups. A continuous right action of a topolog-
ical 2-group G on a topological 2-space P is a continuous functor a: P x G — P
such that

a(idp x p) =ala xidg) and a(idp xn) = 1p,

where the functor pu: G x G — G is given by the group products of Gy and G; and
the functor n: {1} — G sends 1 to the unit elements of Gy and G; .

A G-2-space is a topological 2-space endowed with a continuous right action
of G. For example, for any topological 2-space P, the product P x G is a G-2-space
where G acts by right multiplication on the second factor.

A G-functor between two G-2-spaces is a continuous functor which is G-equiva-
riant in the sense that it (strictly) preserves the actions of G. A G-pseudo-inverse
of a G-functor f: P — @ is a G-functor g: Q — P such that there exist continuous
natural transformations (actually isomorphisms by Section [A]]) £: gf = idp and
n: idg = fg which are Gy-equivariant in the sense that for all p € Fy, ¢ € Qo,
and x € Gy,

Epz =€Ep-lg and nge =1nq- 1.

A G-equivalence is a G-functor between G-2-spaces which has a G-pseudo-inverse.
Note that if f: P — @Q is a G-equivalence with G-pseudo-inverse ¢g: Q — P and
if e: gf = idp is a Gp-equivariant continuous natural isomorphism, then there
exists a unique Gy-equivariant continuous natural isomorphism 7: idg = fg making
(9, f,m,€) an adjoint equivalence.

A.6. Principal 2-bundles over topological spaces. Let G be a topological
2-group and X be a topological space.

A trivializing chart for a continuous functor 7: P — X, where P is a G-2-space
and X is defined in Section [A.2] is a quadruple (U, %), ¢, ), where U is an open
subset of X, ¢: Ply — U x G is a G-equivalence, ¢: U x G — P|y is a G-pseudo-
inverse of ¢, and e: ¢t = idp|,, is a Go-equivariant continuous natural isomorphism
such that the diagram

P|U LUX QLP|U
\Lprl
TK“U v 7\"U
U

commutes. Here, P|y is the full subgroupoid of P on objects mapped to U under T,
my is the restriction of 7, and pry is the projection onto the first factor. Recall
from Section that this data uniquely determines a Gy-equivariant continuous
natural isomorphism #: idg, ; = ¥¢ making (¢,,n,¢) an adjoint equivalence.
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An atlas for 7 is a family A = {(U;, ¥, ¢:, €i) }ier of trivializing charts such that
{Ui}ier covers X. A trivializing cover for 7 is an open cover of X which extends
to an atlas for .

A principal G-bundle over X is a continuous functor 7: P — X, where P is a
G-2-space, which admits an atlas. For example, the first projection X x G — X is
a principal G-bundle over X, called the trivial G-bundle over X.

A G-bundle morphism from a principal G-bundle 7: P — X to a principal
G-bundle 7’: P’ — X is a G-functor f: P — P’ making the diagram

P—>P’

commutative.

Two principal G-bundles 7 and 7/ over X are (Morita) equivalent if there is a
span between them in the category of principal G-bundles over X, meaning that
there exist a principal G-bundle 7™ over X and G-bundle morphisms 7 — 7 and
7™ — 7«'. In particular, if there is a G-bundle morphism between two principal
G-bundles over X, then they are equivalent.

A principal G-bundle over X is trivializable if it is equivalent to the trivial
G-bundle over X.

A.7. Cech cohomology. Let G = (G1 = Go) be a topological 2-group. We endow
the kernel gll C Gy of the source map of G with the induced topology. Note that
the crossed module t: GI — Gy (given by the restriction of the target map, see
Section [AZ3) is continuous.

Let X be a topological space and U = {U,};c; be an open cover of X. For
finitely many indices i1, ...,%, € I, denote

UZl'Ln = Uil n---N Uzn
A G-valued Cech cocycle subordinate to U is a pair
(9 = (0i5: Uij = Go)ijer» A= (Nij: Uijr — gll)i,j,kel)
of families of continuous maps such that for all i, j, k,l € I,
t(Niji)0ij06 = Oix on Usjr  and A dije = Aiji (9”>\jkl) on Ujjx.
Two such cocycles (6,\) and (¢, \') are cohomologous if there is a pair
(a = (ai: U, — go)ie[ R d= (dijl Uij — gll)i,je])
of families of continuous maps such thatd for all 1,5,k €1,
0} = ait(dij)0ia;" on Uy and Ny = (diehiji”(d51)d;;") on Usje.
Being cohomologous is an equivalence relation on the set of G-valued Cech cocycles
subordinate to &. Denote the set of equivalence classes by H(U,G). Any refine-

ment V of U gives rise to a map H(U,G) — H(V,G) induced by restriction. The
Cech cohomology of X with coefficients in G is the colimit

H(X,G) =lim HU,G)
u
taken over the open covers of X. It comes with universal cocone maps

HU,G) — H(X,G)

4Given a map a: A — G from a set A to a group G, we denote by a~1: A — G the map
sending any a € A to a(a)”! € G.
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which are compatible with the restriction maps. Note that if &/ is a good open
cover of X (meaning that all nonempty finite intersections of open sets in U are
contractible), then the cocone map is a bijection H(U,G) = H(X,G).

Recall that a topological space admits good covers if any open cover has a good
open cover that refines it. Recall also that a topological group G is well-pointed if
the inclusion {1} < G is a closed cofibration. The topological 2-group G is said
to be well-pointed if both Gy and Gi are well-pointed. Baez and Stevenson [BS]
proved that if G is well-pointed and X is a paracompact Hausdorff space admitting
good covers, then there is a canonical bijection

H(X,9) =X, B|d]]
between the Cech cohomology of X with coefficients in G and the set of homotopy

classes of maps X — B|G|. Here |G| is the topological group defined as the geometric
realization of the nerve of G and B|g| is its classifying space.

A.8. From Cech cocycles to 2-bundles. Let G = (G; = Gy) be a topological
2-group and U = {U; }ics be an open cover of a topological space X. We associate
to any G-valued Cech cocycle ¢ = (6, A) subordinate to U a principal G-bundle

m.: Po=(PL = Py) — X
defined as follows. Consider the topological spaces
Po=]JUixGo and Pi= ][ Ui xG
iel ijel
where U;; = U; N U; as in Section An object (u,x) € U; x Gy is denoted

by (u,z);, and a morphism (v, g) € U;; X G; is denoted by (v, g);;. The source and
target maps s,t: P, — Py are defined by

S((Uag)ij) = (Ua S(g))Z and t((vag)ij) = (Ua G;I(U)t(g))j
The product of morphisms is defined by
(v,9)ij * (v, h)ji = (v, 0 with £ = X (v) (9 * (16, h)) € G

for all v € U;j and g,h € Gy such that t(g) = 6;;(v)s(h). The units and the
inverses are given by

Lu,z), = (u,)\z_ul(u)lz)” and (v,9)i; = (v, 191_;_1(1}))\1-_]-11(U))\Z-_Z-Z—1 (v)g)ﬂ.

Using the expression of the product and inversion of G by means of those of the
groups Go and G (see Section [A3)), we have:

9% (Lo,;mh) = 1o, wmhlig-19 and 7= 1449 L.
The right action of G on P, is defined by
(u, )i -y = (u,zy); and  (v,9)i; - h = (v, gh)i;.
Finally, the functor 7.: P, — X is defined by
ﬂ'c((u,x)i) =u and ﬂc((v,g)ij) = .
Lemma A.l. 7. is a principal G-bundle over X admitting U as trivializing cover.

Proof. The axioms of a Cech cocycle imply that P, is a G-2-space and m.: P, — X
is a continuous functor. Let us prove that U = {Uz‘iz‘e 1 is a trivializing cover for ..
Pick ¢ € I. Consider ¢;: P:ly, = U; x G and ¢;: U; x G = P.|y, defined by

’L/Ji((’U,.T)j) = (U,Oij(v)ac), oi(u, ) = (u,x);,
¢z((w79)yk) = (w’ Aijk (w>19¢j(w)g)a d)%(uag) = (u7)\;zl(u)g)u’
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for all j,k,l € I, u € U, v € Ujj, w € Ujjk, * € Go, g € G1. Then v; and ¢; are

G-functors and are G-pseudo-inverses of each other via the Gy-equivariant continu-

ous natural isomorphisms €;: ¢;%; = idp,| v, and 7; : idg, g = ¥i¢: given by
ei((v,z)j) = (v, 19ij(v)m)ij and n;(u,x) = (u,)\;ul(u)lz)

forall j € I, u € U, v € Uij, © € Go. Moreover, pryo1); = .|y, and 7y, ©p; = pry,
where pr; is the projection onto the first factor. Consequently (U;, 5, ¢4, ;) is a
trivializing chart for .. (]

Lemma A.2. Let ¢, be G-valued Cech cocycles subordinate to U. Then ¢ and ¢
are cohomologous if and only if there is a G-bundle morphism between 7. and 7. .

Proof. Denote ¢ = (0,)) and ¢ = (', \). Assume first that ¢ and ¢’ are cohomo-
logous via some pair (a,d). For all (u,z); € (P.)o and (v, g)i; € (Pe)1, set

f((uax)z) = (u’ai(u)x)i and f((vag)ij) = (U’ 1ai(y)dij(’U)g)

Then this defines a functor f: P. — P. which is a G-bundle morphism 7. — 7.
Conversely, assume that there is a G-bundle morphism f: 7. — 7. The condi-
tion m, = m o f implies that there exists a map «: I — I such that

Ui CUngy,  f((u,2)i) € Usgiy X Go, and  f((v,9)i5) € Un(iai) * G

for all 4,5 € I, (u,z); € (P:)o, and (v, 9)i; € (P:)1. The continuity and G-equiva-
riance of f imply that there are continuous maps b;: U; = Gy and h;;: U;; — Gy
such that

F((u,2)i) = (u, bi(u)z) ;) and f((v,9)i3) = (0,14 (0)9) 05y 0 -
Finally consider the continuous maps a;: U; — Gy and d;;: U;; — Gt defined by
a;(u) = (%(i)i(“))
Then, for all 7,5,k € I,

ij°

-1 -1

bi(u),  dij(v) = 1p,)-1 (Mo (V) Aaas (©)hig (v).

ng = ait(dij)Hija;1 on Uij, ;jk = i(dik)\ijkeij(d;kl)d;jl) on Uijk,

and so ¢ and ¢ are cohomologous via the pair (a, d). O
Lemma A.3. Let ¢ be a G-valued Cech cocycle subordinate to U and let V be a

refinement of U. Denote by ¢y the G-valued Cech cocycle subordinate to V induced
by restriction of c. Then there is a G-bundle morphism m.,, — .

Proof. Denote ¢ = (0,\) and V = {V,}4ca. Recall that a refinement map for V is
amap a: A — I such that Vi, C Uy, for all a € A. Any such map « induces the
restricted cocycle ¢y = ¢y o = (0, \') defined by

0o (V) = Oa(ayay(v) and ALy (w) = Aaa)a(b)a(e) (W)

for all a,b,c € A, v € Vg, and w € V,p.. Then the G-bundle morphism Tepy — Te
is given by the functor f: P, , — P, defined by

v
f((w,2)0) = (4, 2) @) and  f((v,9)ab) = (v, 9)a(a)a(d)

for all (u,z)a € (Pepy,)o and (v, 9)ab € (Pey,)1- O

Lemma A.4. Let ¢ be a G-valued Cech cocycle subordinate toUU and d be a G-valued

Cech cocycle subordinate to a refinement V of U. Then any G-bundle morphism
Mg — T decomposes as a composition Tq — Tepy = Te of G-bundle morphisms.
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Proof. Denote ¢ = (6,)), V = {V,}aea, and d = (0',)N). As in the proof of
Lemma [A2] a G-bundle morphism f: my — m. determines a refinement map
a: A — I and continuous maps b,: V, = G and hgp: Vi — Gy such that

f((u,:z:)a) = (u,ba(u)x)a(a) and f((v,g)ab) = (U,hab(v)g)a(a)a(b).

By Lemma[A.3] the map a determines a G-bundle morphism ¢: 7., = 7¢, . — Te.
Let q: Py — P, be the functor defined by

|V,
4((u,2)0) = (u,ba(w)x), and q((v,9)a) = (v, hab(v)g),,-
Then ¢ is a G-bundle morphism 74 — 7¢,, such that f =.0g. (|

A.9. From 2-bundles to Cech cocycles. Let G be a topological 2-group and
m: P — X be a principal G-bundle over a topological space X. Pick an atlas

A= {(Ui, ¥i: Plu, = Ui x G, ¢i: Uy x G = Ply,, €t ¢ithi = idpy,, ) e,

of 7 (see Section [A.6). We derive from A a G-valued Cech cocycle ¢4 subordinate
to the open cover U = {U,}ics of X defined as follows.
For any ¢,5 € I, consider the transition functor

TijZUing%Uing

defined as the composition Uij xG ¢—]> P|UU ¢_> Uij xG. Since T;; is continuous and
commutes with the projection onto Uij, there is a continuous map 0;;: U;; — Go
such that for all u € Uy,

Tij(u,1gy) = (u, 035 (w)).-
Note that §;; entirely determines T;; since its functoriality and G-equivariance imply
that for all u € U;;, x € Gy, and g € Gi,

Tii(u,x) = (u,@ij(u):c) and T;;(u,g) = (u, lgij(u)g).
Next, for all ¢, 5,k € I and (u,z) € Ui x Go, set
Yijr(u, 2) = Vi (e;¢n(u, x)) € Usj, X Gi.
Then ~;;1 is a G-equivariant continuous natural isomorphism from 7;;T;, to Ty

both restricted to Uyji. Consequently, there is a continuous map Ayjx: Usjr — gll
such that for all (u,z) € Usji x Go,

%‘jk(U, x) = (U, )\ijk(u)leij(u)ejk(u)m)'
Set 6 = {Gij}i,jel and A = {)\ijk}i,j,kel-
Lemma A.5. cq = (0,)) is a G-valued Cech cocycle subordinate to U.

Proof. The fact that the source of ;i (u, z) is T;;Tjk(u, x) implies that each A
does land into G C G;. Since the target of ik (u,x) is Tix(u,x), we obtain
t(Niji)0ij0k = 6ix on Usji. For any 4, j,k,l € I, the naturality of ¢; implies the
commutativity of the following diagram restricted to Usjp:

Yijk Tkt
T T Ty ——— T T

T;; (’ijl)l l’h‘kl

Tijle ’Y—ul> Til-

This commutativity amounts to the following equality on Usj;;:

(Xijk10,,60,000 ) * (Nikiloo,) = (Lo, Mk 1,000 ) * (Aijile,e,,)-
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We deduce that A\idijr = Aiji (eif/\jkl) on Uj;r; by using the expression for the
product * of G given in Section [A 3] O

By Lemma [A ] the cocycle ¢ = ¢4 induces the principal G-bundle 7.: P, — X.
Let f: P. — P be the functor defined by

F((w,2):) = $i(u,2) and - f((v,9)i5) = 6i(v, 9)  £:(6; (v, 055" (v)t(9)))
for all (u,x); € (P.)o and (v, g)i; € (Po)1.
Lemma A.6. The functor f is a G-bundle morphism w. — .
Proof. Let (v,9)i; € (P.)1. Set x = 0;;(v)~t(g) € Go. Since
sei(¢;(v,2)) = ¢itbidj (v, @) = Ty (v, )
= ¢i(v,0i;(v)x) = ¢i(v,t(g)) = dit(v,g) = t¢i(v, g),
we get that f((v,g)ij) = ¢;(v,9) x&; (qu (v,x)) is well-defined. Moreover,

Sf(('U,g)ij) = S¢i(vag) = ¢iS(U,g) = ¢i(va S(g)) = f((v,s(g))i) = fs((vag)ij)a
tf((v,9)i5) = tei(¢j (v, 2)) = ¢;(v,2) = f((v,2);) = ft((v,9)i)-

Thus f is compatible with the source and target maps. The functoriality of f
follows from the naturality of &;, the functoriality of ¢; and v;, and the definition
of the product of P,, by using that

f((Uag)ij) = ¢i(U,g) * Ei(tf((vag)ij))‘

The continuity of f follows from that of the product * of P, the functors ¢;, and
the natural transformations ;. The G-equivariance of f follows from that of ¢;
and ¢; and from the functoriality of the G-action of P. Finally the compatibility of
the functors ¢; and ¢; with 7y, and pr; (see Section [A.6]) implies that wo f = m..
Hence, f is a G-bundle morphism. (I

A.10. Classification of 2-bundles. Let G be a topological 2-group and X be a
topological space. Denote by [c] the cohomology class of a G-valued Cech cocycle ¢,
by [r] the equivalence class of a principal G-bundle 7 over X, and by P(X,G) the
set of equivalence classes of principal G-bundles over X.

Let U be an open cover of X. The map

HU,G) ™ P(X,G), [d— [r]

is well-defined (by Lemmal[A.2]) and is compatible with restriction (by Lemma [A.3):
if V is a refinement of U, then the following diagram

A .
\
l P(X,0)
HY,G) ™

commutes, where the vertical arrow is induced by restriction of cocycles. Conse-
quently, since H(X,G) = H_r}nH(L{, G), there exists a unique map

I': H(X,G) = P(X,G)

such that 7y = T' o kg for all open cover U of X, where xy: HU,G) — H(X,G) is
the cocone map.

Theorem A.7. The map I': H(X,G) — P(X,G) is surjective. Moreover, if X
admits good covers (see Section[A7), then it is bijective.
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Proof. Let 7 be a principal G-bundle over X. Pick an atlas A of m and denote by U
the open cover underlying A. Let ¢ = ¢4 be the G-valued Cech cocycle subordinate
to U associated with A (see Lemma [A5). By Lemma [A.6 there is a G-bundle
morphism from 7. to 7. Then

L (ke ([e])) = mu([e]) = [me] = [7].
Thus I' is surjective.

Assume now that X admits good covers and let us prove that I' is injective.
Let a,b € H(X,G) such that I'(a) = I'(b). Pick a good open cover U of X. Since
the cocone map ky is then a bijection, there are G-valued Cech cocycles ¢ and ¢/
subordinate to U such that a = ky([c]) and b = ky([¢']). Then

[re] = mu([c]) =T(a) =T(b) = my([c]) = [mer].
Consequently, there exist a principal G-bundle 7 over X and G-bundle morphisms
m — 7. and ™ — 7. Let V be a trivializing good open cover for 7 which refines
the cover U. Pick an atlas for 7 subordinate to V and consider the associated Cech
cocycle d subordinate to V (see Lemma [AH). Composing the G-bundle morphism
mq — 7 from Lemma [A 6] with the above morphisms from 7, we obtain G-bundle

morphisms 7y — 7. and g — 7. By Lemmal[A.4] these morphisms decompose as

Td — Tep, — Te and g — Tep,, = Mol In particular, using Lemma [A-2] we deduce

that [¢jy] = [d] = [¢],,]. Consequently

a = ry([c]) = my([ev]) = my([fy]) = ru(lc]) = b.

Hence T’ is injective, and so bijective. (I

The next corollary is a direct consequence of Theorem[A Tland the Baez-Stevenson
theorem (see Section [A7]):

Corollary A.8. Assume that G is well-pointed and that X is paracompact Haus-
dorff and admits good covers. Then there is a canonical bijection

P(X,G) = [X, B|d]]

between the set of equivalence classes of principal G-bundles over X and the set of
homotopy classes of maps from X to the classifying space of the topological group |G|
defined as the geometric realization of the nerve of G.

Note that under the bijection of Corollary [A8 the equivalence class of a trivi-
alizable principal G-bundle over X (see Section [A.f]) corresponds to the homotopy
class of a constant map X — B|G|.

A.11. Flat 2-bundles. Let G be a topological 2-group. Denote by G¢ the discrete
2-group associated with the 2-group underlying G (see Section [A4]). Note that the
identity functor G¢ — G is continuous and is a morphism of topological 2-groups.
Consequently, any G-action on a 2-space induces a G%-action on this 2-space. In
particular, any G-2-space P is a G¢-2-space in a canonical way.

Let X be a topological space. Any morphism K — G of topological 2-groups
induces a map H(X,K) — H(X,G). Composing this map with the surjection
H(X,G) — P(X,G) of Theorem [AT gives rise to the map H(X,K) — P(X,G). In
particular, the morphism G — G leads to the map

(4) H(X,g%) = P(X,9).
A principal G-bundle over X is flat if its equivalence class lies in the image of [{@]). A
flat structure of a flat principal G-bundle 7 over X is an antecedent of [7] under ().

A G-valued Cech cocycle ¢ = (6, \) subordinate to an open cover U = {U;}ier
of X is locally constant if the maps 0;;: U;; — Go and Aiji: Usjr — gll are locally
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constant for all i, j, k € I. Observe that a G-valued Cech cocycle is locally constant
if and only if it is a G%valued Cech cocycle. Consequently, a principal G-bundle
over X is flat if and only if it is equivalent to the principal G-bundle 7. associated
with a locally constant G-valued Cech cocycle ¢ subordinate to some open cover
of X (see Lemma [AZT]).

Note that if the 2-group G is discrete (see Section[A4)) and X admits good covers,
then the map (@) is bijective (by Theorem[A7)) and so any principal G-bundle over X
is flat and has a unique flat structure.

Let x: E — H be a crossed module (see Section ). The 2-group G, associ-
ated with x (see Section [A3)) is discrete (by endowing F and H with the discrete
topology) and so any principal G,-bundle over X is flat and has a unique flat struc-
ture. Note that the classifying space of the geometric realization of the nerve of G,
is homotopy equivalent to the classifying space By of x (see Section 2:2)). More-
over G, is well-pointed (as any discrete 2-group). Consequently, we deduce from
Theorem and Corollary [A8] that if X is paracompact Hausdorff and admits
good covers, then there are canonical bijections

P(X,Gy) = H(X,Gy) = [X, Bx].

Note that under these bijections, the equivalence class of a trivializable principal
Gy-bundle over X corresponds to the cohomology class of the unit Cech cocycle
and to the homotopy class of a constant map X — By.

APPENDIX B. CROSSED MODULES OF GROUPOIDS

In this appendix, we review the basics of crossed modules of groupoids.

B.1. Groupoids. A groupoid is a small category in which all morphisms are iso-
morphisms. Given objects a,b of a groupoid G, we denote by G(a,b) the set of
morphisms from a to b and by G(a) the set of automorphisms of a. We will often
refer to the morphisms, identities, and composition of G as the elements, the units,
and the product of G. As for the fundamental groupoids (for which the product is
the concatenation of paths) and contrary to the usual notation for categories, we
denote the product of two elements x € G(a,b) and y € G(b,c) by 2y € G(a,c),
and we denote the unit of an object a by 1,. Given a set S, a groupoid over S
is a groupoid whose set of objects is S. A morphism of groupoids between two
groupoids is a functor between them.

Recall that a category is totally disconnected if all of its morphisms are endo-
morphisms, and is skeletal if isomorphic objects are necessarily equal. Clearly, a
groupoid is totally disconnected if and only if it is skeletal. Such a groupoid is
just a collection of groups indexed by the set of objects. A totally disconnected
groupoid G is abelian if for any object a of G, the group G(a) is abelian.

B.2. Free groupoids. The free groupoid on an oriented graph is the groupoid
whose objects are the vertices of the graph and whose elements are finite concate-
nations of the edges of the graph and formal inverses to them. The only relations
between elements are the necessary ones defining the unit of each object, the inverse
of each edge, and the associativity of the product.

A groupoid is free if it is isomorphic to the free groupoid on some oriented
graph. A free basis for a free groupoid F' is a set B of elements of F' such that F
is isomorphic (via an isomorphism inducing the identity on objects) to the free
groupoid on the oriented graph whose vertices are the objects of F' and whose
edges are the elements of B. Note that a functor from a free groupoid to another
category is fully determined by its values on a free basis.
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B.3. Actions of groupoids. Let G be a groupoid with the set of objects Gy. An
action of G on a groupoid D over Gy is a family of maps

{G(a, b) X D(b) - D(a’>a (:L', 6) — e }a,bEGo

satisfying
Ude—e, “(Ye)="Y%, and Y(ef)=(Ye)("[)
for all a,b,c € Gy, e, f € D(¢), z € G(a,b), and y € G(b,c). For example, G acts
on itself by conjugation:
Ty =axyr ' € G(a)
for all a,b € Gy, y € G(b), and = € G(a,b).

B.4. Crossed modules of groupoids. Let H be a groupoid with the set of ob-
jects Hy. A crossed module over H is a morphism of groupoids

x: EFE—H

where E = {E(a)}qecn, is a totally disconnected groupoid over Hy endowed with
an action of H such that

e Y is identity on objects,

e \ preserves the H-action, where H acts on itself by conjugation,

e Im(y) acts by conjugation on E.

This means that for all a,b € Hy and all elements e, f € E(b) and x € H(a,b),

x(a) =a, x(%e)=ax(e)a™!, Xf=efe .
Note that any crossed module (of groups) in the sense of Section 21]is a crossed
module in the above sense when viewing a group as a groupoid with a single object.

B.5. Morphisms of crossed modules of groupoids. A morphism of crossed
modules from a crossed module x: £ — H to a crossed module p: F — K is a
pair (¢: E — F,p: H — K) of morphisms of groupoids inducing the same map on
objects and satisfying

u(w(e)) = p(x(e)) and (%) = “y(e)

for all elements e € F and x € H with the same target.

B.6. Free crossed modules. Let H be a groupoid with the set of objects Hy.
Consider a set R and a map w: R — H such that for each r € R, the element w(r)
of H is an endomorphism. For any a € Hy, let P, (a) be the free group on the set
of pairs (z,r) with r € R and = € H(a,s(w(r))), where s: H — Hj is the source
map. An action of H on the totally disconnected groupoid P, = {P,(a)}ecH, is
given by Y(z,r) = (yz,r) provided yx is defined. The formula (x,7) — zw(r)z~!
induces a morphism of groupoids v,,: P, — H which is the identity on objects and
preserves the H-action (where H acts on itself by conjugation). Let a € Hy. The
Peiffer commutator of two elements m,n € P, (a) is

[m,n] = (™ n)mn~'m™! € Py(a).
Denote by C,(a) the subgroup of P,(a) generated by the Peiffer commutators.
Then C,,(a) is a normal subgroup of P, (a). Note that C,(a) can also be defined as

the normal subgroup of P, (a) generated by the basic Peiffer commutators which
are Peiffer commutators of generators of P, (a). Consider the groupoid

Fuo ={Fu(a) = Pu(a)/Cu(a)}acHo-
The morphism v,, and the H-action factorize through the quotient map P, — F,

and give rise to a crossed module of groupoids v,,: F,, — H called the free crossed
module on w.
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A crossed module F — H is free if H is a free groupoid and if it is isomorphic to
the free crossed module on some map to the endomorphisms of H. A free basis for
a free crossed module x: E — H is a pair {By, B1} where B; is a free basis for H
(see Section [B:2]) and By is a set of elements of F such that x is isomorphic (via
an isomorphism inducing the identity on objects) to the free crossed module on the
map By — H sending b € B to x(b).

Let x: E — H be a free crossed module, u: F' — K be a crossed module, and
p: Hy — K be a map between the sets of objects of H and K. Then a morphism of
crossed modules (¢, p): x — p inducing the map p on objects is fully determined by
its value on a free basis {Ba, B1} for x, that is, by the elements { f, = ¥(b) € F}ien,
and {k. = ¢(c) € K}cep, satisfying

s(ke) = p(s(c)), tlke) = p(t(c)), t(fo) = p(t(d)), wu(fo) = p(x(b))

for all ¢ € By and b € Bs, where s,t are the source and target maps.

AprPENDIX C. HOMOTOPY CLASSIFICATION THEOREM

In this appendix, we recall the homotopy classification theorem. To this end, we
first review the basics of crossed complexes. For more details, we refer to [BHS].

C.1. Modules over groupoids. Let G be a groupoid with the set of objects Gy.
A G-module is an abelian totally disconnected groupoid over Gy endowed with an
action of G. A morphism of G-modules is a morphism of groupoids which is the
identity on objects and preserves the G-action.

Given a map w: R — Gy, where R is a set, the free G-module on w is the
G-module F(w) = {F(w)(a)}eeq, where F(w)(a) is the free abelian group on the
set of pairs (z,r) with r € R and = € G(a,w(r)) and the action of G is given by
Y(z,r) = (yx,r) provided yz is defined in G.

A G-module is free if it is isomorphic to a free G-module on some map. A free
basis for a free G-module M is a set B of elements of M such that M is isomorphic
(via an isomorphism inducing the identity on objects) to the free G-module on the
map B — G sending b € B to the source of b.

C.2. Crossed complexes of groupoids. A crossed compler C is a sequence of
groupoid morphisms

On On—1 1 13
%Cn—>cn71H—> ...... _3>CQ_2>01

where d2 is a crossed module of groupoids and for all n > 3,

e (), is a C1-module on which Im(d2) acts trivially,

® {0, is a morphism of groupoids which is the identity on objects and preserves
the Ci-action,

® 0,10, is the trivial morphism (which sends elements to units).

The condition that Im(d2) acts trivially on C,, for n > 3 implies that C; acts on C,,
through the fundamental groupoid

7T1(C> = Coker(52) = Cl/Im(52)

of C, thereby making C,, into a 71 (C)-module.
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C.3. Morphisms of crossed complexes. Let C' and D be crossed complexes. A
morphism of crossed complexes f: C — D is a family f = {f,: C,, = Dp}n>1 of
morphisms of groupoids

5n On—1 5 )
— O, 2 Ch 3 2

C1
lfn lfn—l lfz J/fl
Dy

. — D, —— Dp_y Do
571, 6n—1 53 62

which induce the same map on objects, denoted fy: Cy — Dy, and satisfy

Onfa(c) = fac18n(c) and  fu(“e) =TV ()
for all n > 2 and all elements ¢ € C), and ¢; € C; with the same target. In

particular, the pair (fa, f1) is a morphism of crossed modules.
Crossed complexes and their morphisms form a category denoted by Crs.

C.4. Free crossed complexes. A crossed complex

C:{ HC;J, CQ—>01}

is free if the crossed module 2 is free and for all n > 3, the 71 (C)-module C,, is
free. If such is the case, a free basis for C' is a family B. = {By}n>1 where {Bj, B2}
is a free basis for do and B,, is a free basis for the 71 (C)-module C,, for all n > 3.
Let C' be a free crossed complex, D be a crossed complex, and fy: Cy — Dy

be a map between the sets of objects of C' and D. Then a morphism of crossed
complexes f: C' — D inducing the map fy on objects is fully determined by its
value on a free basis B, = {B,}n>1 for C, that is, by the elements {f,(b)}sen,
with n > 1 satisfying

o 5(f1(b)) = fo(s(b)) and t(f1(b)) = fo(t(b)) for all b € By,

o t(fn(b)) = fo(t(b)) and 6, o frn(b) = fn—100,(b) for all b € B,, with n > 2,
where s,t are the source and target maps.
C.5. Homotopies. Let f,g: C' — D be two morphisms of crossed complexes in-

ducing the maps fo, go: Co — Do on objects. A homotopy H from f to g is a family
H ={H,: Cy, = Dyy1}n>0 of maps

s Cn Ont1 8t Cy
fn+1ugn+/ ugn uﬁ/ ugl/ ugo
o Dn—i—l . e

which satisfy the following conditions:
t(Ho(a)) = go(a) for all a € Cy.
H,(c) € Dpt1(go(s(c))) for all c € Cy, and n > 1.
H, is a derivation over gp: for all z,y € C; with t(z) = s(y),
Hi (xy) = () (" i ().
H,, is multiplicative and preserves the action over g; when n > 2: for
all z € Cy and ¢,d € C), with t(z) = t(c) = t(d),
Hy(cd) = Ho(c)Ha(d) and H,(%c) = " H,(c).
e f is computed from H and g as follows: for all ¢ € C,,
s(Ho(c )) if n =0,
falc) = { Ho(s(c))d2(Hi(c))gi(c)Ho(t(c)) ™ ifn=1,
Ho(s(c .
ofs ))((5 1(Hp(c ))Hn_l((sn(c))gn(c)) if n > 2.
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If the crossed complex C' is free, then such a homotopy is completely determined
by its values on a free basis of C' (see [BHS|, Corollary 9.6.6]).

C.6. The groupoid of homotopies. Let C' and D be crossed complexes. Ho-
motopies between morphisms of crossed complexes C' — D form a groupoid. The
product HK of a homotopy H from f to g with a homotopy K from g to h, the
unit 15 of a morphism f, and the inverse H~! of a homotopy H are computed by:

(H + K)o(a) = Ho(@)Ko(a),  (H+ K)u(e) = (7 H,(0) ) Kue),

(1f)o(a) = 15, (a), (1f)n(c) = Lsy(sey)>
(H")o(a) = Ho(a) ™", (H " )ule) = ™ (H, ()7,

for all @ € Cy and ¢ € C),, with n > 1.

In particular, this implies that being homotopic is an equivalence relation on
morphisms of crossed complexes. We denote by [C, D] the set of homotopy classes
of morphisms of crossed complexes C' — D.

C.7. Crossed complexes of filtered spaces. Let X, be a filtered space, that is,
a topological space X equipped with a filtration

X ={x'cx'c...cx"c...C X}

consisting in an increasing sequence of subspaces whose union is X. Consider the
groupoid 71 (X1, X°) whose product is the concatenation of paths. The fundamental
crossed complex TIX* of X* over the groupoid 71 (X!, X9) is given by

N T (X", X1 X0 LN T (XML X2, X0) = -
. 6—3) 7T2(X2,X1,XO> 6—2> 7Tl()(la)(o)

where 65 is the usual boundary map while, for any € X° and n > 3, the restriction
of &, to the component 7, (X", X"~1 z) is given by the composition

ﬂn(X",anl,x) LN anl(Xnil, x) Lnj% ﬂn,l(anl,anasc).

The action of the groupoid 71(X?!, X°) is given by generalizing the fundamental
group action on higher homotopy groups.

The assignment X* — IIX* extends to a functor II: FTop — Crs from the
category of filtered spaces and filtered maps to the category of crossed complexes
(see |[BHS| Section 7.1.v]).

C.8. Crossed complexes of CW-complexes. Let X be a CW-complex. Denote
by X* its skeletal filtration (i.e., X™ is the n-th skeleton). Then the fundamental
crossed complex IIX* (see Section [C.7) is the free crossed complex with free basis
given by the homotopy classes of the characteristic maps of the cells of X (see [BHS,
Corollary 8.3.14]).

C.9. Homotopy classification theorem. The functor II: FTop — Crs from Sec-
tion has a section (up to natural equivalence) B: Crs — FTop which sends a
crossed complex C to its classifying space BC' (defined as the geometric realization
of the nerve of C). For example, regarding a group as a groupoid with a single
object, a crossed module x: E — H (of groups) in the sense of Section 1] gives
rise to the crossed complex

i1 51-ESH

whose classifying space is the classifying space By of x described in Section
A key theorem in the theory of crossed complexes is the following homotopy
classification theorem:
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Theorem C.1 ([BH| Theorem A], [BHS, Theorem 11.4.19]). Let C be a crossed
complex and let M be a CW-complex with its skeletal filtration M*. Then there is
a canonical bijection

(M, BC| = [[IM*, C)

where the left-hand side is the set of homotopy classes of maps of spaces, and the
right-hand side is the set of homotopy classes of morphisms of crossed complexes.
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