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Exerise 1.

Let G be a �nite group. Consider the C-vetor spae V = C[G] spanned by G.

De�ne a ∈ V ⊗ V ⊗ V and µ ∈ (V ⊗ V )∗ by

a =
1

|G|2

∑

g,h,k∈G
ghk=1

g ⊗ h⊗ k and µ(g ⊗ h) = |G| δgh,1.

Let τn be the C-linear automorphism of V ⊗n
de�ned by

τn(x1 ⊗ x2 ⊗ · · · ⊗ xn) = x2 ⊗ · · · ⊗ xn ⊗ x1

and let µij denote the ontration of the i-th and j-th omponent using µ.
Prove that:

τ3(a) = a, τ4(µ34(a⊗ a)) = µ34(a⊗ a),

µτ2 = µ, (µ19µ34µ67)(a⊗ a⊗ a) = a.

Exerise 2.

Let G be a �nite group. The goal of the exerise is to prove that

ZG(Σ) = |G|χ(Σ)−1
∣

∣Hom(π1(Σ, ∗), G)
∣

∣

for all oriented losed onneted surfae Σ and ∗ ∈ Σ. To this aim, onsider a triangulation T of

Σ suh that ∗ is a vertex of T . Let O be the set of oriented edges of T . By a G-state of T , we

mean a map c : O → G suh that for all e ∈ O and all triangles ∆ of T ,

c(−e) = c(e)−1
and c(e∆1 )c(e

∆
2 )c(e

∆
3 ) = 1,

where e∆1 , e
∆
2 , e

∆
3 are the three edges adjaent to ∆ oriented and ylially ordered by the orien-

tation of ∆ indued by that of Σ. Denote by SG(T ) the set of G-states of T . Let V be the set

of verties of T . The gauge group of T is the set G∗ of maps φ : V → G suh that φ(∗) = 1,
endowed with the produt de�ned by

(φφ′)(v) = φ(v)φ′(v)

for all φ, φ′ ∈ G∗ and all v ∈ V.
a. Prove that

ZG(Σ) = |G|n1(T )−2n2(T )
∣

∣SG(T )
∣

∣,

where ni(T ) denotes the numbers of i-ells of T .

b. Prove that G∗ ats freely on the left on SG(T ) by

(φ · c)(e) = φ(vine )c(e)φ(v
out
e )−1

for all φ ∈ G∗ and e ∈ O, where vine , v
out
e ∈ V are the inoming and outgoing verties of e,

respetively.

. Using that any loop in Σ based at ∗ is homotopi to a �nite sequene of oriented edges of T ,

onstrut a map Γ: SG(T ) → Hom(π1(Σ, ∗), G).
d. Prove that Γ is G∗-equivariant and indues a bijetion

SG(T )/G∗
∼= Hom(π1(Σ, ∗), G).

e. Conlude.


