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In what follows, k is a �eld.

Exerise 1. (Hopf modules)

Let A = (A, µ, η,∆, ε, S) be a Hopf k-algebra. A left Hopf A-module is a k-vetor spae M

endowed with k-linear maps r : A ⊗ M → M and ρ : M → A ⊗ M suh that (M, r) is a left

A-module, (M, ρ) is a left A-omodule, and the following diagram ommutes:

A⊗M

∆⊗ρ

��

r // M
ρ // A⊗M

A⊗ A⊗A⊗M
idA⊗τA,A⊗idM // A⊗ A⊗ A⊗M.

µ⊗r

OO

a. Let V be a k-vetor spae. Prove that A⊗V is a left Hopf A-module with ation r = µ⊗ idV

and oation ρ = ∆⊗ idV .

b. Let M be a left Hopf A-module. Consider the k-vetor spae

M coinv = {m ∈ M | ρ(m) = 1A ⊗m}

and the left Hopf A-module A⊗M coinv
. Prove that the ation of M indues an isomorphism

A⊗M coinv ≃ M

of Hopf A-modules (i.e., an isomorphism of A-modules and of A-omodules).

Hint: prove that the map

P = r(S ⊗ idM)ρ : M → M

is a projetor with image M coinv
verifying Pr = ε ⊗ P and r(idA ⊗ P )ρ = idM , and then

onsider the map (idA ⊗ P )ρ : M → A⊗M coinv
.

Exerise 2. (Bijetivity of the antipode)

The aim of this exerise is to prove that the antipode of a �nite-dimensional Hopf k-algebra is

bijetive. Let A = (A, µ, η,∆, ε, S) be a �nite-dimensional Hopf k-algebra.

a. Prove that A∗
is a left Hopf A-module with ation

r = (e⊗ idA∗)(idA∗ ⊗ µ⊗ idA∗)(idA∗ ⊗ S ⊗ b)τA,A∗ : A⊗ A∗ → A∗

and oation

ρ = (e⊗ idA ⊗ idA∗)(idA∗ ⊗∆⊗ idA∗)(idA∗ ⊗ b) : A∗ → A⊗ A∗,

where e : A∗ ⊗ A → k is the evaluation pairing with inverse b : k → A⊗ A∗
.

b. By onsidering the isomorphism A⊗ (A∗)coinv ≃ A∗
of Hopf A-modules indued by the ation

of A∗
(see Exerise 1.b), prove that S is injetive.

. Conlude.


