MASTER CLASS 2016-2017 IN GEOMETRY, TOPOLOGY AND PHYSICS

INTRODUCTION TO QUANTUM TOPOLOGY I

EXERCISE SHEET 10

In what follows, k is a field.

Exercise 1. (Hopf modules)

Let A = (A, u,n,A,e,S) be a Hopf k-algebra. A left Hopf A-module is a k-vector space M
endowed with k-linear maps 7: A® M — M and p: M — A ® M such that (M,r) is a left
A-module, (M, p) is a left A-comodule, and the following diagram commutes:
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a. Let V be a k-vector space. Prove that A® V is a left Hopf A-module with action r = p®idy
and coaction p = A ® idy .
b. Let M be a left Hopf A-module. Consider the k-vector space
McoinV — {me M|p<m) = 1A®m}
and the left Hopf A-module A ® M. Prove that the action of M induces an isomorphism
A ® Mcoinv ~ M

of Hopf A-modules (i.e., an isomorphism of A-modules and of A-comodules).
Hint: prove that the map
P=r(S®idy)p: M - M
is a projector with image M“™ verifying Pr = ¢ @ P and r(idy ® P)p = idy, and then
consider the map (ida ® P)p: M — A ®@ M,

Exercise 2. (Bijectivity of the antipode)

The aim of this exercise is to prove that the antipode of a finite-dimensional Hopf k-algebra is
bijective. Let A = (A, u,n, A, e,S) be a finite-dimensional Hopf k-algebra.

a. Prove that A* is a left Hopf A-module with action

r=(e®idg«)(ida @ pp ®1ida«)(ida» @ SR b)Ta a4+ AR A" — A"
and coaction

where e: A* ® A — k is the evaluation pairing with inverse b: k - A ® A*.

b. By considering the isomorphism A ® (A*)®™ ~ A* of Hopf A-modules induced by the action
of A* (see Exercise 1.b), prove that S is injective.

c. Conclude.



