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Exerise sheet 2

By a state sum triple, we mean a triple (V, a, µ), where V is a �nite-dimensional vetor spae

over a �eld k, a ∈ V ⊗ V ⊗ V , and µ ∈ (V ⊗ V )∗, suh that

τ3(a) = a, µτ2 = µ, µ34(a⊗ a) = τ4
(
µ34(a⊗ a)

)
, µ19µ34µ67(a⊗ a⊗ a) = a.

Here ⊗ = ⊗k, the map τn is the k-linear automorphism of V ⊗n
de�ned by

τn(x1 ⊗ x2 ⊗ · · · ⊗ xn) = x2 ⊗ · · · ⊗ xn ⊗ x1,

and µij denotes the ontration of the i-th and j-th omponent using µ. Reall that eah state

sum triple de�nes a topologial invariant of losed oriented surfaes.

Exerise 1. (Produt and oprodut of a state sum triple)

Let (V, a, µ) be a state sum triple. Set

∆ = (µ⊗ idV ⊗2)(idV ⊗ a) : V → V ⊗ V and m = (µ⊗ idV )(idV ⊗∆): V ⊗ V → V.

a. Prove that ∆ is oassoiative, m is assoiative, and

(m⊗ idV )(idV ⊗∆) = ∆m = (idV ⊗m)(∆⊗ idV ).

b. Prove that the k-linear map π = m∆: V → V satis�es

m = πm = m(idV ⊗ π) = m(π ⊗ idV )

and is a projetor (i.e., π2 = π).
. Assume that µ is non-degenerate. Prove that

Im(π) = Im(m) = {(idV ⊗ φ)(a) | φ ∈ (V ⊗ V )∗}

and

(V,m) has a unit ⇔ π = idV ⇔ V = {(idV ⊗ φ)(a) | φ ∈ (V ⊗ V )∗}.

Exerise 2.

Let (V, a, µ) be a state sum triple. Consider the kernel Ker(µ) = {x ∈ V |µ(x⊗ ·) = 0} of µ and

the anonial projetion map

p : V → V = V/Ker(µ).

a. Prove that there is a unique µ ∈ (V ⊗ V )∗ suh that µ = µ(p⊗ p).
b. Prove that µ is non-degenerate.

. Prove that (V , a, µ) is a state sum triple, where a = (p⊗ p⊗ p)(a).

Exerise 3.

Let (V, a, µ) be a state sum triple. Set

Ṽ = {(idV ⊗ φ)(a) | φ ∈ (V ⊗ V )∗}.

a. Prove that Ṽ is the smallest vetor subspae of V suh that a ∈ Ṽ ⊗ Ṽ ⊗ Ṽ .

b. Prove that (Ṽ , ã, µ̃) is a state sum triple, where ã = a and µ̃ = µ|Ṽ⊗Ṽ
.

. Prove that if µ is non-degenerate, then so is µ̃.

Exerise 4.

Let (V, a, µ) be a state sum triple suh that V = {(idV ⊗ φ)(a) | φ ∈ (V ⊗ V )∗} and µ is non-

degenerate. Consider the enter A of the k-algebra (V,m). Prove that µ|A⊗A is non-degenerate.


