MASTER CLASS 2016-2017 IN GEOMETRY, TOPOLOGY AND PHYSICS

INTRODUCTION TO QUANTUM TOPOLOGY I

EXERCISE SHEET 3

Exercise 1.

Consider the 2-dimensional TQFT Z = Zy,, ) associated to a state sum triple (V,a, ). Let C'
be a closed oriented 1-manifold and ¢ be a triangulation of C'. Prove that the vector space Z(C')
is isomorphic to the image of the projector pft.

Exercise 2.
Let G be a finite group. Consider the 2-dimensional TQFT Z = Z¢(g) 4,.) Where

1
a=——= Z gRh®k and (g @ h) = |G| bgn-

2
|G| g,h,keG
ghk=1

Compute the dimension of the C-vector space Z(S?).

Exercise 3.
Let (V,a, i) be a state sum triple. The goal of this exercise is to determine the Frobenius algebra
associated to the 2-dimensional TQFT Zy,, ). We say that two state sum triples are equivalent
if they define isomorphic TQFTs.
a. Let (V,@, i) be the state sum triple of Exercise 2 of Sheet, 2.
Prove that the state sum triples (V,@, %) et (V,a, i) are équivalent.
b. Let (17,6, ) be the state sum triple of Exercise 3 of Sheet 2.
Prove that the state sum triples (17,5, i) et (V,a, ) are équivalent.
c. Assume that V = {(idy ® ¢)(a)| ¢ € (V ® V)*} and p is non-degenerate.
Prove that the Frobenius algebra associated to the 2-dimensional TQFT Zy,, ) is isomorphic
to the center of the k-algebra (V,m), where

m=(p®idy @ p)(idy a®idy): VeV =V
(See Exercise 4 of Sheet 2.)

d. Conclude by noticing that the state sum triple (V, a, ﬁ) satisfies the assumptions of question c.



