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Exer
ise 1. (The restri
ted dual)

We denote the dual of a k-ve
tor spa
e V by V ∗ = Homk(V, k) and the transpose of a linear

map f : V → W by f ∗ : W ∗
→ V ∗

. Let A be an k-algebra with produ
t µ : A⊗A → A and unit

η : k → A. We view A∗
⊗ A∗

as a subset of (A ⊗ A)∗ as follows: for any f, g ∈ A∗
, we de�ne

f ⊗ g ∈ (A⊗A)∗ by setting

(f ⊗ g)(a⊗ b) = f(a)g(b)

for all a, b ∈ A. The restri
ted dual of the algebra A is the subspa
e of the dual A∗
de�ned by

A◦ = (µ∗)−1(A∗

⊗ A∗),

where µ∗ : A∗
→ (A⊗ A)∗ is the transpose of µ.

a. Prove that a form f ∈ A∗
belongs to A◦

if and only if there is an ideal I of A su
h that

dim(A/I) < ∞ and f(I) = 0.
b. Prove that A◦

is the largest subspa
e of A∗
su
h that µ∗(A◦) ⊂ A◦

⊗ A◦
.


. Prove that A◦
is a 
oalgebra with 
oprodu
t and 
ounit

∆A◦ = µ∗ : A◦

→ A◦

⊗A◦

and εA◦ = η∗ : A◦

⊂ A∗

→ k
∗ = k.

d. Assume that A is a Hopf algebra with 
oprodu
t ∆: A → A ⊗ A, 
ounit ε : A → k, and

antipode S : A → A. Prove that

∆∗(A◦

⊗A◦) ⊂ A◦, ε∗(k∗) ⊂ A◦, S∗(A◦) ⊂ A◦.

Dedu
e that the restri
ted dual A◦
of A is a Hopf algebra with produ
t, unit, and antipode

de�ned by

µA◦ = ∆∗ : A◦

⊗ A◦

→ A◦, ηA◦ = ε∗ : k = k
∗

→ A◦, SA◦ = S∗ : A◦

→ A◦.

e. Let A be a �nite-dimensional Hopf algebra. Then A◦ = A∗
, so that A∗

is a Hopf algebra.

Liklewise A∗∗ = (A∗)∗ is a Hopf algebra. Prove that A∗∗
≃ A as Hopf algebras.

Exer
ise 2.

Let G be a �nite group, so that the group algebra k[G] and the algebra F (G) of k-valued fun
tions

on G are �nite-dimensional. Prove that

F (G)∗ ≃ k[G] and k[G]∗ ≃ F (G)

as Hopf algebras.

Exer
ise 3. (Grouplike elements)

Let A be a Hopf algebra. An element g ∈ A is grouplike if ∆(g) = g ⊗ g and ε(g) = 1.
a. Prove that the set G(A) of grouplike elements of A is a group (under multipli
ation).

b. Prove that the grouplike elements of A are linearly independent.


. Prove that the grouplike elements of the restri
ted dual A◦
are the algebra morphisms A → k.

Exer
ise 4.

Let A be a Hopf algebra with 
oprodu
t ∆ and 
ounit ε. Consider the kernel I of ε.
a. Prove that A = k⊕ I as ve
tor spa
es.

b. Prove that for all a ∈ I,

∆(a) = a⊗ 1 + 1⊗ a mod I ⊗ I.


